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Abstract 

We study the Lagrangian intersection theoretic version of Rabinowitz Floer homology, 
which we define for virtually contact 7ri-injective hypersurfaces and virtually exact 7ri-injective 
Lagrangians in symplectically aspherical geometrically bounded symplectic manifolds. By 
means of an Abbondandolo-Schwarz short exact sequence we then compute the Lagrangian 
Rabinowitz Floer homology of certain Mane supercritical hypersurfaces in twisted cotangent 
bundles, where the Lagrangians are conormal bundles. 

1 Introduction 

In this paper we investigate the Lagrangian Rabinowitz Floer homology RFH"(E, L, X) as- 
sociated to a hypersurface E and a Lagrangian submanifold L, in a symplectic manifold X, all in 
the virtually contact setting. This is the Lagrangian intersection theoretic version of Rabinowitz 
Floer homology RFH"(E,X), which was introduced by Cieliebak and Frauenfelder in [IS], and 
then extended by several other authors (|H [TUl 1201 US dl H31 133 13 HH HH])- The starting point 
of Rabinowitz Floer homology is to work with a different action functional than the one normally 
used in Floer homology. This functional was originally introduced by Rabinowitz [38], and has 
the advantage that its critical points detect periodic orbits of the Hamiltonian lying on a fixed 
energy level. Thus Rabinowitz Floer homology is an invariant of a pair (E,X), where (X,u>) is 
a symplectic manifold and E C X is a hypersurface. Actually certain assumptions are required 
on both E and X in order for the Rabinowitz Floer homology RFH"(E,X) to be defined; for 
instance, one could assume that u) — dX is exact, X is convex at infinity and E is a hypersurface 
of restricted contact type (this was the setting originally studied in [T8]; since then Rabinowitz 
Floer homology has been extended to considerably more general situations). Its usefulness stems 
from the fact that if E is displaceable in X then RFH"(E, X) = 0. We refer the reader to [TT] for 
a detailed survey of the construction of Rabinowitz Floer homology, and for the applications this 
homology theory has generated so far. 

Our first result summarizes the main properties of Lagrangian Rabinowitz Floer homology in 
the virtually contact setting. We begin by explaining in detail the various assumptions we make, 
together with the various other definitions needed in order to understand the statement of Theo- 
rem A. 



Assumptions on the ambient symplectic manifold: 



Let (X 2n ,uj) denote a connected symplectic manifold. 
We assume throughout that: 

1. (X, lj) is geometrically bounded - this means that there exist w-compatible almost com- 
plex structures J on with the property that the Riemannian metric #,/(•, •) ■= w(J-,-) is 
complete, has bounded sectional curvature and has injectivity radius bounded away from 
zero. 
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2. The first Chern class c\{TX) is zero. 

3. The symplectic form u> is symplectically aspherical. This means that for every smooth 
map / : S 2 -> X, one has J s2 f*uj = 0. 

Assumption (2) is made for simplicity only, and could be weakened at the expense of losing the 
Z-grading on the Lagrangian Rabinowitz Floer homology. Assumption (1) however is much more 
crucial, and cannotjae dispensed with. If we denote by p : X — > X the universal cover of X and 
by uj := p*uj G 2 (A) then Assumption (3) is equivalent to requiring that ui is exact. 

Assumptions on the hypersurface: 

A hypersurface ECIis 7Ti-injective if the map tj> : 7Ti(E) — » ni(X) induced by the inclusion 
is : E A is injective. A closed connected orientable hypersurface ECIis separating if A\E 
has two components, of which precisely one is relatively compact. Recall that for a closed connected 
orientable hypersurface SCI, there is a distinguished oriented line bundle £s — > E over E called 
the characteristic line bundle. This is the line bundle over E defined by 

£ E (x) := {u G T^E : («,«;) = for all w G T^E} . 

The characteristic line bundle determines a foliation 3^ of S. We write £F(E) C C°°(A, R) for 
the set of defining Hamiltonians for E. By definition these are Hamiltonians H : X — >• R such 
that is a regular value of if, E = .ff _1 (0), and such that the symplectic gradient Xjj of is a 
positively oriented section of £ E . If G ^(E) then given x G S the leaf 5s (x) of the foliation 
containing x is simply the orbit of x under the flow §f of Xh, that is, 

M*) = </>«(*)• 

We write ^o(^) for the subset of Hamiltonians H G 2>(Y>) with the additional property that dH is 
compactly supported. A characteristic chord of E with endpoints in some specified Lagrangian 
submanifold L of A is a flow line of §f which starts and ends in EflL. 

We are primarily interested in the case when the hypersurface E satisfies the following condi- 
tion: 

1.1 Definition. A closed connected separating hypersurface E is of virtual restricted contact 

type if there exists a primitive Xofuj such that: 

1. For some (and hence any) Riemannian metric g on E, there exists a constant C = C(g) < oo 
such that 

sup \X X \ < C, 
xe P -!(s) 

where |-| denotes the lift of g to p _1 (E). 

2. For some (and hence any) non-vanishing positively oriented section a o/£e, there exists a 
constant e = e(a) > such that 

xep-^E) 

where a denotes a lift of a. 

If E C X is of virtual restricted contact type then we denote by C f2 1 (A) the convex 

set of primitives A of u satisfying (1) and (2). 

1.2 Remark. Note that asking E to be of virtual restricted contact type includes as a special case 
the more well known condition when the symplectic form lo is exact, and the hypersurface S is 
of restricted contact type - that is, there exists a primitive X of lo such that A|s is a positive 
contact form on E. 
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A virtually restricted contact homotopy of a pair (H,X), where E := H 1 (0) is a 
hypersurface of virtual restricted contact type, with H G ^o(E) and A G is a family 

(H s , Xs)se(-e,e) such that: 

1. (H s ) is a smooth family of uniformly compactly supported Hamiltonians such that Hq = H , 
and such that S s := i/ ; T 1 (0) is of virtual restricted contact type for each s G (— e,e), with 
H s G %{^ s ); 

2. (A s ) is a smooth family of 1-forms such that Ao = A and such that A s £ fi^ (w) for each 
s G (— e,e), and such that the constants £(Xh s ) from Condition (2) in Definition 1 1 . 1 1 may 
be taken to be independent of s. 

Assumptions on the Lagrangian: 

All Lagrangian submanifolds discussed in this paper are assumed to be connected, even if this 
is not explicitly stated. Suppose we are given a Lagrangian submanifold L of X that is 7Ti-injective. 
Since we assume that uj is symplectically aspherical and c±(TX) — 0, the 7Ti-injectivity assumption 
implies that ui\^ 2 (x,l) = c i\tt 2 (x.l) — 0. Moreover it implies that the pullback p _1 (L) C X can 
be written as a disjoint union of components each diffeomorphic to the universal cover L of L. In 
particular, each component of p _1 (L) is simply connected, and thus H 1 (p _1 (L); Z) = 0. Thus as 
lj\l = 0, if A G r2 1 (X) is a primitive of uj, we can find a smooth function I : p -1 (.L) — > R such that 
Mp-HQ = dl. 

We say that a 7Ti-injective Lagrangian L is virtually exact if one can choose a primitive A of 
uj and a function I such that A| p -i(£) = dl, where I G C°°(p^ 1 (L), R) is a bounded function. We 

denote by ^(w) C f2 1 (A) the set of such primitives A. 

When talking about Lagrangian submanifolds L of A, we shall always implicitly assume that 
★ G L. Let P(X, L) denote the set of smooth maps x : [0, 1] — > X with x(0) G L and x(l) G L. 
Note that if / : S 1 — > P(X, L) is a smooth loop then we may alternatively think of / as a map 
/ : S 1 x [0, 1] -> X with /(S 1 x {0, 1}) C L. 

Define 

n L :=7n(A:,*)/~, (i.i) 

where for a, b G n\(X,-k) we have a ~ b if and only if there exists Cn, Ci G TT\(L,-k) such that 

a = tL*(c ) • b • il*(ci) 

(i.e. Ili = 7ri(L)\7ri(A)/7Ti(L)). It is not hard to see that IT^ = ttq{P(X, L)) (see for instance 
[3T1 Lemma 3.3.1]). Given a G IT^, we denote by P a (X,L) the connected component of P(X,L) 
corresponding to a, so that 

P(X,L)= P a (X,L). 
aeu L 

Let us now fix for each a G ITx a smooth loop x a : S 1 — > X with x a (0) = * such that x a 
represents a. It is convenient to choose these loops x a so that xo(t) = * for all t, and such that 
Xa(t) — X- a (l — t). Fix a point * el that projects onto *, and for each a G 11^ let x a : [0, 1] — > X 
denote the unique lift of x a with x a (0) = In particular, xo(t) = ★ for all t. 

Given x G P a (X, L), let us say that a map x : [0, 1] x [0, 1] — > X is a filling of x if x satisfies: 

• x(0,t) = x(t), 

• x(l,t) — x a {t), and 

• £([0,1] x {0,1}) C L. 

If / : S 1 — > P(A, L) is a smooth loop then we may alternatively think of / as a map / : S* 1 x [0, 1] — > 
X with /(5 1 x {0, 1}) C L. Let us consider the following condition: 
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(A) If / : S 1 — > P a (X,L) is any smooth loop then f s i x , ji f*U) = 0. 

Since L is 7ri-injective and u>\ W2 /x) — 0, we have that w| ff2 (x,i) — an d thus Condition A is 
satisfied for the element € 11^. We denote by IP£ C the set of classes a for which Condition 
A is satisfied. 

When Condition A is satisfied we can define the symplectic area functional O : P a (X, L) — > 
R by 

fi(x) := / x*u, (1.2) 

y [0,1] X [0,1] 

where x is any filling of x. 

The precise conditions under which we will define the Lagrangian Rabinowitz Floer homology 
is given by the following definition. 

1.3 Definition. A triple (£,£, a) is called Rabinowitz admissible if: 

• £ is a hypersurface of virtual restricted contact type, 

• L is a TTi-injective virtually exact Lagrangian submanifold and fl^(uj) l~l Q, 1 l {lu) ^ 0, 

• a G U%. 

If (11, L, a) is a Rabinowitz admissible pair, H £ i2?o(£) an d A € f2^(w) n ^(cj), we say that a 
virtually restricted contact homotopy (H s , A s ) se (_ £|E ) of (H,X) is Rabinowitz admissible i/ z£ 
/ias the additional property that X s G Q^, (w) H f2^(o3) for all s G (— e,e). 

1.4 Remark. 7/w is exact and £ is of restricted contact type, then instead of assuming that L is 
iri-injective and virtually exact, and that £l^(uj) D Q. 1 l (uj) ^ 0, we may alternatively assume that 
there exists a primitive A of ui such that A|s is a positive contact form on £ and \\l = dl for 
some bounded function I G C°°(L, R). Morever in this setting Condition A is obviously always 
satisfied. 

Leaf-wise intersection points: 

Recall that a subset S is displaceable from a subset S" of a symplectic manifold X if there 
exists a compactly supported Hamiltonian diffeomorphism ip such that ip(S) D S' = 0. As we 
will see in Theorem A below, the Lagrangian Rabinowitz Floer homology detects whether £ 
is displaceable from L. A refinement of this question is to ask whether a given Hamiltonian 
diffeomorphism ip G Ham c (Af, ui) has a Lagrangian leaf-wise intersection point. Here is the 
definition. 

1.5 Definition. Let ip G Ham c (A, oj) and fix any H G @(Y>). We will say that a point x G £ fl L 
is a Lagrangian leaf-wise intersection point for (£, L, rp) if there exists r G R such that 

We denote by Ji?W(Y>, L, ip) the set of such points x G £ fl L. 

Note that the set J?W(T,, L, ip) is well defined , since if H' G ^(£) is another Hamiltonian then 
there exists a smooth function / : R x £ — > R such that (f>f (x) = <j)J( t x )( x ) f° r &U (t, x) G R x £. 

1.6 Remark. It is of interest to know whether t is uniquely determined by x. This could fail if 
the leaf ^^{x) is closed, or «/ ^(Js^Jnl > 1. //dim X > 4, then generically, neither of these 
things happen. More precisely, «/£ is non- degenerate (as defined in Section \2.2\l then for a generic 
choice ofip, one has that if x G Jz? W(E, L, then $s(x) is not closed and #V'(Ss( a; )) HL = 1. 
These statements are proved by arguing as in Theorem 3.3] and Lemma 8.2]. 



4 



Suppose now that a; is a Lagrangian leaf-wise intersection point for which the corresponding 
t is uniquely determined by x. Choose any Hamiltonian F E C ( ?°(S' 1 x X, R) that generates 
tp (so if) = 4>f), and consider the (not necessarily smooth) path £ in X which first flows from x 
to 4>^{x) via c(>f , and then flows from <p^ (x) to i/)((f>^(x)) via </>f . Although £ depends on the 
choice of Hamiltonians H and -F, the class a E Hl does not. This is a standard argument, which 
uses the fact any 1-periodic compactly supported Hamiltonian function on X has at least one 
contractible periodic orbit (i.e. the Arnold Conjecture holds on (X, w)). Details can be found in 
several places; see for instance (4TJ Proposition 3.1] or [32l Lemma 3.7] (the latter reference deals 
specifically with leaf- wise intersection points). In either case we say that the Lagrangian leaf-wise 
intersection point belongs to the class a £ H^. 

Statement of Theorem A: 

We can now state the main theorem of Part I. The term "non-degenerate" that appears in 
Statement (4) will be explained in Section |2~21 below. 

THEOREM A. Let (X,uj) denote a symplectically aspherical geometrically bounded connected 
symplectic manifold satisfying c±(TX) = 0. 

Let (£, L, a) denote a Rabinowitz admissible triple. Then: 

1. The Lagrangian Rabinowitz Floer homology RFH"(E, L, X) is a well defined 1-graded 
J-2-vector space which is invariant through Rabinowitz admissible virtually restricted contact 
homotopies. 

2. 7/E is transverse to L andT.nL ^ then i/RFH2(E, L, X) = 0, th ere exists a characteristic 
chord of S with endpoints in L that represents E IL^. 

3. If there exists ip E Ham c (X, uj) that has no Lagrangian leaf-wise intersection points belonging 
to a then RFH™(£, L, X) — 0. In particular, i/E can be displaced from L via a Hamiltonian 
diffeomorphism then RFH"(E,i, X) = 0. 

4- Suppose dim A > 4. // RFH"(S, L, X) is infinite dimensional and the triple (E,L,a) is 
non- degenerate (which is satisfied generically), then a generic Hamiltonian diffeomorphism 
has infinitely many Lagrangian leaf-wise intersection points belonging to a. 

1.7 Remark. This construction is also perfectly valid if instead of a single Lagrangian subman- 
ifold L, we work with a pair Lq,Li of virtually exact ni-injective Lagrangian submanifolds which 
intersect each other transversely over E. In this case, we would need to make an additional as- 
sumption to ensure the relevant Maslov classes /Xi 0j L 1 (a) always vanish - which we need in order 
to be able to H-grade the Lagrangian Rabinowitz Floer homology. For instance, it would suffice to 
assume at least one of the subgroups iL i *(7Ti(Li,*)) is a torsion subgroup of Tti(X, ★) f37l Remark 
3.3.2]. 

Twisted cotangent bundles: 

The second part of this paper computes the Lagrangian Rabinowitz Floer homology in a 
particular setting. Let M denote a closed connected orientable n-dimensional manifold, where 
n > 2. Let X := T*M denote the cotangent bundle of M and let tt : X — > M denote the footpoint 
map. Let p : M — > M denote the universal cover of M, and tt : X — > M its cotangent bundle. 

We denote by Ao E fi 1 (A) the Liouville 1-form, which in local coordinates (q,p) on X is 
written as Ao = pdq. The canonical symplectic structure on X is the exact symplectic form 
d\ Q . 
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A Dirac magnetic monopole is simply a closed two- form a £ ft 2 (M). This gives rise to a 
twisted symplectic form [bH HZT] on the cotangent bundle 

Lo a = d\o + it* a. 

We refer to (X, u) a ) as a twisted cotangent bundle. In this paper a may or may not be 
exact, but we will always insist that a is weakly exact, that is, the lift a := p*cr £ tt 2 (M) is exact 
(this is equivalent to requiring that u\^ 2 (m) = 0). In this case we say that (X, Lu a ) is a weakly 
exact twisted cotangent bundle. In this case the symplectic manifold (X, u> a ) fits into the 
framework of the previous chapter. Indeed, twisted cotangent bundles are always geometrically 
bounded and they always satisfy c\(TX) = 0. 

In fact, we will always make the additional assumption that a admits a bounded primitive: 
there exists 9 £ f2 1 (M) such that d9 — a and such that 

sup \6 q \ < oo, (1.3) 
qeM 

where the norm ■ is given by the lift of any Riemannian metric on M to M. In this case we say 
that (X, u) a ) is a hyperbolic twisted cotangent bundle. 



We are interested in regular energy levels of Tonelli Hamiltonians H e C°°(X, R). Here 
we recall that the classical Tonelli assumption means that H is fibrewise strictly convex and 
superlinear. In other words, the second differential <1 2 (H\t*m) of H restricted to each tangent 
space T*M is positive definite, and 

,. H(q,p) 

urn — — — = oo, 

\p\-nx> \p\ 

uniformly for q e M. A closed connected oriented hypersurface E C X is called a Tonelli 
hypersurface if there exists an autonomous Tonelli Hamiltonian H e C co (X, R) for which is a 
regular value of H with S = i/ _1 (0). One says that H is a defining Tonelli Hamiltonian for S. 
A Tonelli hypersurface is called Mane supercritical if there exists a defining Tonelli Hamiltonian 
H for £ such that the Mane critical value c(H, a) is negative (the Mane critical value c(H, a) 
is defined in Section [3. II below) . Here we remark only that if a admits no bounded primitives then 
c(H, a) = oo for every Tonelli Hamiltonian H - thus Mane supercritical hypersurfaces can only 
exist when the symplectic manifold (X, LJ a ) is hyperbolic. 

We shall see in Lemma 1331 below that a Mane supercritical hypersurface S is always of virtual 
restricted contact type. More precisely, we can find a primitive 9 of a such that 

X e :=X + n*9 (1.4) 

satisfies the two conditions of Definition 11.11 (here Ao denotes the Liouville 1-form on X, and 
7r : X — > M denotes the projection). We denote by ^(er) the set of such primitives 9. Thus if 
9 e ftj;((7) then Xg 6 Q^(oj a ). 



Let us now discuss the Lagrangian submanifolds that we will work in. Suppose S C M is a 
closed connected submanifold (we always assume our submanifolds are closed and connected, even 
if this is not explicitly stated). The conormal bundle N* S C X is defined to be the set 

N*S:= {(q,p) G X : q e S, p\ TqS = 0} . 

This is a vector bundle over S of rank the codimension of S. The Liouville form Ao vanishes on 
any conormal bundle; thus any conormal bundle is a Lagrangian submanifold of the symplectic 
manifold (X, dXo). In fact, if L C X is any Lagrangian submanifold that is a closed subset of X 
and is such that Ao|l = then L = N*S for some submanifold SCM(0 Proposition 2.1]). 
In general though, N* S is not a Lagrangian submanifold of (X,ui a ). 
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1.8 Lemma. Let i : S ^ M be a submanifold. Then N*S is a Lagrangian submanifold of (X, uj a ) 
if and only if o~\s '■= i*o~ = 0. 

When discussing cotangent bundles, it is more convenient to fix once and for all a point * G M 
as a reference point, and then take 0* G T*M to be our fixed reference point in X. When discussing 
submanifolds S of Al, we always implicitly assume that * G S (note this implies 0* G N*S). We 
also fix a point ★ G M that projects onto *. We denote by P(M, S) the space of smooth paths 
q : [0, 1] — > M with q(0) G S and q(l) G S. We define II5 in exactly the same way as Hl was de- 
fined in (jl.ip . only with M and S replacing X and L. Then II5 indexes the connected components 
of P(M,S), and given a G II5 we let P a (M, S) denote the corresponding connected component. 
If x = (q,p) G P(X, N*S) then q G P(M, S), and under the obvious identification II5 = ILv»s, if 
x G P a (X, N* S) then q G P a (M, S). In particular, if we write our reference loops x a as (q a ,p a ), 
then q a serves as a reference loop in P a (M, S) . 

Next, observe that N*S is virtually exact if there exists a primitive 9 of a such that 0\ p -i(s) = d-s 
for some bounded function s G C 00 (p _1 (5 l ), R). We will also say S is virtually exact if such 
primitives exist. We denote by 0,g(a) the set of such primitives 9. Thus if 9 G fig(a) then Xg (as 
defined in f) 1 .4|) ) belongs to Qjy* g (a; CT ). 

In general, if S is a Mane supercritical hypersurface and 5* is a closed connected 7Ti-injective 
submanifold for which er|s = 0, there is no reason why one should have Q^(<r) PI ^(ct) ^ (see 
Example l2Tj) , and hence the Lagrangian Rabinowitz Floer homology may not be defined. We 
therefore introduce the stronger notion of a Mane supercritical pair: a pair (S, S) consisting of 
a Tonelli hypersurface and a closed connected 7Ti-injective submanifold satisfying o~\s — is called 
a Mane supercritical pair if Si^(cr) n £lg(cr) ^ 0- In Section IXT1 we will define another critical 
value c(H, a, S) > c(H, a) which will have the property that if S is a Tonelli hypersurface and S is 
a closed connected 7Ti-injective submanifold satisfying a\s = then (S, S) is a Mane supercritical 
pair if there exists a defining Tonelli Hamiltonian H for S satisfying c(H,a,S) < 0. If iri(S) is 
finite then we have the equality c(H, a) = c(H, a, S). Indeed, in this case the universal cover S of 
S is compact, and hence every primitive 9 of a belongs to 

We now show that for a Mane supercritical pair (S, S), every class a G II5 belongs to IT^ 7 
(i.e. Condition A is satisfied for all a G II5). 

1.9 Lemma. Suppose (£, S) is a Mane supercritical pair. Then for every path f : S 1 x [0, 1] — > X 
with /(5 1 x {0, 1}) C N*S, one has / gl x [Q 1} f*uj a =0. 

Proof. The symplectic area functional ft of (X, can be expressed as 

O = tt Q + IT* Civ, 

where 

Cl (x) := / x*X , 
Jo 

and Cl a is the a-area defined by 

Cl a (q) := / qV, 
J [0,1] x [0,1] 

where q is any filling of q (i.e. any smooth map q : [0,1] x [0,1] — > M with q(0,t) = g(t), 
q(l, t) = q a (t) and q([0, 1] x {0, 1}) C S). 

It thus suffices to show that if / : S 1 x [0,1] -> M satisfies /(5 1 x {0,1}) C S then 
Is 1 x [0 1] f* a = ^' a bounded primitive of a with the property that 0\ p -i(s) = ^ s f° r 

some bounded function s G ^(p- 1 ^), R). Consider G := /»(tti(S' 1 x [0,1])) < tti(M). Then 
G is amenable, since 7Ti(S' 1 x [0,1]) = Z, which is amenable. Then |36l Lemma 5.3] tells us 
that since ||0|| i=o < 00 and ||s|| i0 o < 00, we can replace 9 by a G-invariant primitive 9' of a, 
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and s by a G-invariant function s' satisfying 9'\ p -i^ = ds'. Thus 9' and s' descend to define a 
primitive 6" e ^{S 1 x [0, 1]) of f*a and a function s" € C°°(S' 1 x {0, 1}, R) with the property 
that ^"|six{o,i} = ds" ■ Hence by Stokes' Theorem, J S i x r ji f*cr — as required. I 

In summary, we have the following theorem. 

1.10 Theorem. Let (X, u ff ) denote a hyperbolic twisted cotangent bundle and let S C M denote a 
closed connected -Ki-injective submanifold such that a\s = 0. Let £ denote a Tonelli hypersurface 
in X , and assume that (E, 5) is a Mane supercritical pair. Then the Lagrangian Rabinowitz Floer 
homology RFH"(E, N*S, X) is well defined for all a G lis, an d enjoys the properties stated in 
Theorem A. 

1.11 Remark. If a is itself exact then the same result holds if S is any closed connected sub- 
manifold (not necessarily Tti-injective) for which there exists a primitive 9 of a such that Xq + tt*9 
makes E into a hypersurface of restricted contact type and such that 9\s is exact, (see Remark 

Q3P. 

Computing the Lagrangian Rabinowitz Floer homology: 

The aim of the second part of this paper is to actually compute the Lagrangian Rabinowitz 
Floer homology in the situation described by Theorem 11.101 This is done by extending to the 
Lagrangian setting the Abbondandolo-Schwarz [1] short exact sequence, which relates the La- 
grangian Rabinowitz Floer chain complex to the Morse complex of an appropriate free time 
action functional. In our earlier paper [33] we extended the short exact sequence from [4] to the 
setting of twisted cotangent bundles, and the idea here is very similar. We state here only part of 
the main result (given as Theorem 13.151 below) . as the full statement is rather convoluted. 

Theorem B. Let (X,uj a ) denote a hyperbolic twisted cotangent bundle and let S C M denote a 
closed connected ni-injective submanifold of dimension < d < n such that a\s = 0. Let E denote 
a Tonelli hypersurface in X , and assume that (E, S) is a Mane supercritical pair. Fix ^ a £ Llg. 
Then the Rabinowitz Floer homology RFH"(E, N*S, X) satisfies 

RFH^(E,iV*5,X) =H»(F ct (Af,5);Z 2 )©H-* +2d - n+1 (F_ Q (M,5);Z 2 ). (1.5) 

If d < n/2 then (|1.5p continues to hold when a = 0. If d — n/2 and n > 4 then f| 1 . 5[) continues 
to hold when a = and * ^ 0,1. In this case we can still compute the remaining two groups 
RFH°(E,iV*5,X) and RFH"(E, N*S, X), but this is slightly harder to state concisely, and hence 
we defer the precise statement to Theorem \3.15\ below. Finally if d > n/2 then (| 1 . 5[) continues to 
hold when a — and * < — 1 or * >2d — n + 2. 

1.12 REMARK. At present I am unable to complete the computation of the Lagrangian Rabinowitz 
Floer homology RFH^(E, N*S, X) when d>n/2 if < * < 2d - n + 1, or if n = 2 and d = 1 for 
* = 0, 1. / hope to rectify this gap in the future. 

The statement (jl.5p is certainly not always true for all * G Z. For instance, if S — M so 
N*S = oM, then i/Sfl oM = we clearly have RFH°(E, oM, X) = but H*(P (M, M); Z 2 ) = 
H,(M;Z 2 ). 

By combining Theorem A and Theorem B we obtain various results on non-displaceablity and 
on the existence of Lagrangian leaf- wise intersections. 

COROLLARY C. Let (X,uj a ) denote a hyperbolic twisted cotangent bundle and let S C M denote 
a closed connected -Ki-injective submanifold of dimension < d < n such that a\s = 0. Let E 
denote a Tonelli hypersurface in X , and assume that (E, S) is a Mane supercritical pair. Then: 

1. E cannot be displaced from N* S if any of the following hold: 
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(a) d < n/2, 

(b) d = n/2 and n > 4, 

(c) #n s > 2, 



2. For any tp E Ham c (X, w a ), one has S£W(fL, L,t()) ^ provided at least one of the conditions 
from (1) hold. 

3. Moreover, if dim H*(P(M, S); Z 2 ) = 00 and £ is non- degenerate, then for a generic if) G 
Ham c (X, w CT ) f/iere ercisf infinitely many Lagrangian leaf-wise intersection points for ip in S. 

1.13 Remark. We remind the reader again that if a is exact then both Theorem B and Corollary 
C continue to hold for any any closed connected submanifold S ( not necessarily tti -infective ) for 
which there exists a primitive 6 of er such that Xq + ir*9 makes £ into a hypersurface of restricted 
contact type and such that 9\s is exact (cf. Remark With this in mind, I believe that 
Theorem B and Statements (2) and (3) of Corollary C in the Lagrangian case are new even in the 
case that a = 0. 

A special case of the first statement of Corollary C is that it not possible to displace a Marie 
supercritical hypersurface from a fibre T*M via a Hamiltonian diffeomorphism. However this 
doesn't tell us anything new, since the following stronger result is true for purely topological 
reasons. 

1.14 LEMMA. Suppose £ C X is a convex hypersurface (i.e. for all q G M, T,HT*M is a smooth 
closed hypersurface with positive definite 2nd fundamental form) . Then E cannot be displaced from 
any fibre T*M . 

Proof. More generally, we prove that if ip : X — > X is any diffeomorphism isotopic to the identity 
and S is any convex hypersurface then tpi^) HT*M ^ for every q e M. Let D(T,) denote the 
compact domain in X that S bounds, and for each q G M, let e(g) denote the barycentre of the 
convex set D(T,) n I'M. This defines a smooth section e : M — > X. Let ip t : X —> X denote an 
isotopy from ipo = 1 to ip% = if), and let f t : M — > M denote the composite map ft := ir ° ipt e. 
Then /o = 1; in particular /o has degree 1. If there exists q G M such that ^>(E) H T*M = then 
necessarily i/>(D(X)) P\T*M = 0, and hence f\ cannot be surjective. This contradicts the fact that 
fx should also have degree 1. ■ 

I do not believe the corresponding result about the existence of leaf-wise intersections can be 
proved topologically however. Here is another a simple example where the second statement of 
Corollary C may be applied. 

1.15 Example. Take M — S 2 and S the equatorial S . Take a = and £ = S*S 2 , the unit 
cotangent bundle for some metric g on S 2 . This fits into the framework where Theorem B applies 
(see Remark [TT3]) . Note that we cannot compute KFE*(SgS 2 , N*S 1 ,T*S 2 ) for * — 0, 1. However, 
if we fix a point q € S 1 then it is easily checked that the inclusion {q} '->• S 1 induces an injection 



R*(P(S 2 ,q);Z 2 ) -4- R*(P{S 2 ,S 1 );Z 2 ). Since dim H*(P(5' 2 , q); Z 2 ) = oo, we deduce that if g is 



bumpy^], then a generic Hamiltonian diffeomorphism ip G Ham c (T*S' 2 , dAo) has infinitely many 
Lagrangian leaf-wise intersection points. 

1.16 Remark. In fact, work of Kang \3U$ shows that 



Moreover in [30] Kang uses this computation together with Example \1.15\ to obtain the existence 
of a certain periodic orbit in the regularized planar circular 3-body problem. 



H m (P(5 2 ,5 1 );Z 2 ) = H l (P(5 2 ,g);Z 2 )«.H,(5 1 ;Z 2 )®H fe (5 1 ;Z 2 ). 



i-\-j-\-k— m 



This just means that S*S 2 is non-degenerate. 
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1.17 Remark. There is an exciting work in progress by C. Bounya J16f on Lagrangian Rabinowitz 
Floer homology. He independently proves a version of Theorem A, and then discusses the rela- 
tionship between Lagrangian Rabinowitz Floer homology and wrapped Floer homology, in a similar 
vein to Cieliebak, Frauenfelder and Oancea's result ] 19$ which relates Rabinowitz Floer homology 
with symplectic homology. His results will include ( amongst other things ) the computation from 
Theorem B, at least in the case of standard cotangent bundles. 

Acknowledgment: I would like to thank my Ph.D. adviser Gabriel P. Paternain for many 
helpful discussions. I am also extremely grateful to Alberto Abbondandolo, Peter Albers and Urs 
Frauenfelder, together with all the participants of the 2009-2010 Cambridge seminar on Rabinowitz 
Floer homology, for several stimulating remarks and insightful suggestions, and for pointing out 
errors in previous drafts of this work. This work forms part of my PhD thesis |34) . 

2 Lagrangian Rabinowitz Floer homology 

Notation and sign conventions: 

• We denote by R the extended real line R := R U {±oo}, and we write R + := (0,oo) and 
R- := (-oo,0). 

• We refer to both points in X and paths on X by the letter x. It should hopefully be clear 
from the context whether x refers to a point in A or a path in X. In addition we use the 
convention that if x € X is a point, x : [0, 1] — > X denotes the constant path x(t) = x. 

• A lot of the time we will work with the product space P(X, L) x R. We will often use the single 
letter £ to refer to a pair (x, r) E P(X, LxR. By an abuse of notation, if (x, r) £ P(X, L)xR 
with t ^ we shall also refer to by £ the path £ : [0, r] — >• X defined by := x(t/r). 
This identification obviously breaks down when r = 0. However it will turn out that we will 
only ever be interested in points of the form (a;, 0) when x = x is constant. In this case we 
can still identify the pair (x, 0) with the constant path £ : R — > X defined by £(t) = x. In 
general it should hopefully always be clear as to whether £ refers to the pair (x, r) or to the 
path x(t/r) [resp. the constant path £ : t i— > x when (x, r) = (x, 0)]. 

• We use the sign convention that an almost complex structure J on a symplectic manifold 
(X, uj) is w-compatible if g,j = (-, ■) j := ui(J-, ■) is a Riemannian metric on X. We denote 
by ^(X,u) the set of all w-compatible almost complex structures on X. 

• Given a family J = (Jt)te[o,i] Q and x S P(X,L) we use the special notation 
((•, to denote the inner product on C°°(x*TX) x IR defined by 



• The symplectic gradient Xh £ Vect(A) of a Hamiltonian H : X — > R is defined by 
i x „uj = -dH. 

2. 1 The Rabinowitz action functional 

Throughout Section 2 we will work in the general setting described at the beginning of the In- 
troduction. We shall return to twisted cotangent bundles in Section 3. Thus assume throughout 
this section that (X, u>) is a symplectic manifold satisfying the assumptions outlined on page[TJ 
We now define the Rabinowitz action functional, introduced originally by Rabinowitz in [38J. 
Note at this point we do not assume the Hamiltonian H in Definition 12.11 below lies in @o(H) 
for some hypersurface S of virtual restricted contact type (although this will be the case shortly) . 
Throughout this section we fix an element a G n£ . 
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2.1 Definition. Let H G C°°(X, R), and assume that is a regular value of H . The Rabinowitz 
action functional s^h '■ Pa (X, L) x R — > R is defined by 

#f H (x, t) = D,(x) - t [ H(x)dt, 
Jo 

where f2 is the symplectic area functional from (|1.2p . 

An easy computation shows that given a tangent vector (£, h) G C°° (x*TX) x R, we have 



f H (x,T)(£,h)= I w(x,£) -T&H(x)(£)dt-h J H{x)dt 
u(x-TXs(x),^)dt-h [ H(x)dt, 



and thus the critical points of s^h are pairs (x, r) such that 

x = TX H (x(tj) for alii G [0,1], 



f H{x)dt = 0. 
Jo 



Since H is invariant under its Hamiltonian flow, the second equation implies 

H(x[t))=0 for alHG [0,1], 

and so 

x([Q,l])CH-\0). 

Thus if we denote by Crit the set of critical points of s^h then (x, r) € P a (X, L) x R belongs 
to Crit(^ff) if and only if 

x = tX h (x), x([0,1]) C fl"- x (0). 
Note that if (x, r) € Crit(j^) then 

s/ h (x,t) =fi(x). (2.1) 

Given — oo<a<6<oo, denote by 

Crit(^)a := {0,r) G Crit(^H-) : a < s^ H {x,r) < b} . 

We always implicitly assume when referring to action windows that the endpoints a and b are not 
critical values of s^h- When it is necessary to specify which connected component of P(X, L) x R 
we are working on, we write Crit a (.e/f/) for the set of critical points of s/h in Pa(X,L) x R. 

It will be useful sometimes to consider for fixed t G R the fixed period action functional 
: P a (X, L) -> R defined by 

*ft(x) := ** h (x,t). (2.2) 

Note that 

=dsfe(z,r)(&0), 

and hence if (x,r) G Crit(,c/#) then x G Crit( 1 e/^). 

Suppose J = (Jt)te[o,i] C ^ {X,iJ). We let Vj£/h denote the gradient of jz/y with respect to 
so that 

( J t (x)(x-rX H (x)) 
V -Jo # 

Given (x,r) G Crit(jz4f) let us denote by 

Vj^ H (x, t) : W 1 ' r {x*TX) © R -»• L r (x*TX) © R 
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(for some fixed r > 2) the operator obtained by linearizing Vj£?h(x, t), that is, 

d 

Vj^ H (x,T)(Z,h) := — Vj4f(s s ,T s ), 



s=0 



where (x s , r s ) se (_ E;£ ) C P Q (X, i) x R satisfies 

d 



{x s ,t s ) = (£,h). 



One computes that: 



Vj ^ (x ' T) U J- = l -JtdH®dt J' (2 ' 3) 

where V j t H denotes the gradient of H with respect to the metric gj t . 

We also denote by Vj£/^(x) the Hessian of the fixed period action functional stf^ at a critical 
point x of stftf-. 

VWh(x)(Z) ■= Jt(x)Vtt + (V € J t )i - rV ? V Jt if. 
Thus if (x,t) e Crit(^r) we have 

V 3 *h\x,t) [ h )-[ -V Jt H{xY ) \ h 

2.2 Definition. A gradient flow line of (H, J) is a smooth map u = (x, r) : R -> P«(X, L)xK 
suc/i f/iaf 

9 s u + Vj*fe(u(*)) -0. 

In components this reads: 

d s x + J t (x)(d t x - tX h (x)) = 0; 



8 s t- [ H(x)dt = 0. 
Jo 

Given — oo < a < b < oo, denote by .J? a (H,J) b a the set of gradient flow lines u of (H,J) that 
satisfy a < s^h{u{s)) < b for all s G R. 

It will often be useful to let both H and J depend on a parameter seR. Suppose (H s ) se \f> C 
C°°(X, R) is a smooth family of Hamiltonians, which is asymptotically constant in the sense 
that there exist H± e C°°(X, R) such that H s = H- for s < and H s = H+ for s > 0. 
Assume that is a regular value of both and H + . Similarly, suppose we are given a family 
(J s = (J s ,t))s£R Q cf{X,co) of almost complex structures which is also asymptotically constant 
- that is, there exist families 3± — ( J±.t) C ^{X, u>) of almost complex structures J s = J for 
s C and 3 S = J + for s ^> 0. It then makes sense to study the s-dependent equation 

d s u + V Js £f Hs («(*)) =0, 

and given — oo < a < b < oo, we denote by ^ a {H Sl 3 s ) b a the set of smooth maps u = (x,t) that 
satisfy this equation together with the asymptotic conditions 

lim #?H a {u{s)) < b, lim (u(s)) > a. 

S— > — OO S— S-OO 

Note that if (H S ,3 S ) = (H, J) does not depend on s then JZ a {H s , J s ) b a = ^ a (H,3) b a . 
Given a gradient flow line u, we denote by 

D u : W 1 ' r (x*TX) 8 W 1,r (R, R) -> V\x*TX) ® L r (R, R) 

the vertical derivative of the gradient flow equation at a solution u, given by 

Vu {h)-{ d s h-tidH(x)(Odt )■ {ZA) 

Note that in the special case where u(s) = (x,t) E Crit(^fl-) we have D u = VjS^h(x,t). 
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2.2 Non-degeneracy 

We next define what it means for a critical point of s^h to be non-degenerate. Denote by <5^ Q (X, L) 
the Sobolev completion of P a (X,L) with respect to the Sobolev W^^-norm. Let W denote the 
Hilbert manifold £y* a (X, L) x R, and let $ —> W denote the Hilbert bundle whose fibre over 
(x, t) € W is given by 

£(x,t) ■= L 2 (x*TX) x R. 

We define a section 

s = s{H,J) : W -> <? 

by 

s(x,r) := Vj£/ h (x,t). 

We denote by 

L>s(C) : T c ^ ^ 

the vertical derivative of s at a zero £ = (x,t) G s _1 (0). 

Fix a critical point £ = (x,r) G Crit(,s34r) with t ^ 0. We say that £ is non-degenerate 
if Ds(() is surjective. We say that the critical points £ G (i/ _1 (0) fll,0) C Crit(j2/y) are non- 
degenerate if is a regular value of H, and i/ _1 (0) is transverse to L. 

Let us denote by C£f g L a (X, R) the set of smooth functions H : X — > R for which every critical 
point (a;, r) of : P Q (X, L) x R — > R is non-degenerate. 

It is well known that if every critical point in Crit(.c^)^ is non-degenerate then for any choice 
of J = (J t ) C #{X, ui), every element u G ^ a (H 1 3) b a is asymptotically convergent at each end 
to elements of Crit(,c/f/)^. That is, the limits 

lim u{s,t) = {x±{t),T±), lim dtu{s,t) = 0, 

s— >±oo s— >oo 

exist, and the convergence is uniform in t, and the limits (x±,t±) belong to Crit(,2/ff)^ (see for 
instance [40]). Thus a gradient flow line u defines a map R x [0, 1] — >• X x R, which we will continue 
to denote by u. 

Moreover, if Ej (u) denotes the energy of a gradient flow line: 

/oo 
\\d s u(s)fjds, 
-OO 

then if u £ S a (H,3) b a is asymptotically convergent to Q± E Crit(=e/#)k then 

Ej(u) = ^ H (C-) - ^h(C+), 

and hence Ej(u) G (0, b — a). 

Let us now fix a hypersurface £ C X that is of virtual restricted contact type and which is 
transverse to L. To avoid trivialities let us assume SflL^0. 

Fix a G 11^. Denote by ^ a (T,,L) the set of characteristic chords of £ with endpoints in L 
belonging to a. If H G 3>(Yi) then we can parametrize the elements of ^ a (T,,L) as smooth paths 
C: [0,t]-»£ satisfying C = X H {Q. 

We will now associate to each £ G ^.(E, L) its nullity 

n(C) := dim d^f (C(0))(T c(o) L) n T c(t) L). 

We say £ G ^ a (Y,,L) is non-degenerate if ra(£) = 0, and we say that the triple (E,L, a) is 
non-degenerate if every element £ G "if Q (£,!/) is non-degenerate. 

2 It is clear that the construction of Lagrangian Rabinowitz Floer homology still works when £ fl L = (it is 
trivially zero). 
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2.3 Definition. Fix H G £F(E). Given a characteristic chord Q G "^(E, L) of length t > 0, we 
say that C admits a chord box if there exists a smooth (in s) family (Cs) s <E(- e ,e) °f chords of Xh 
with endpoints in L such that 

Cs : [0,t(s)]^X, 
H(( s (t)) = e(s), 

where e : (— s, s) R satisfies e(0) = 0, with Co = £. We say that the chord box is non- 
degenerate if t'(0) 7^ and e'(0) ^ 0. In this case we define the correction term associated 
to C 

2.4 Remark. j4 priori, it would appear that the correction term x(C) could depend on the choice 



of chord box (Cs)- In fact, this is not the case, as is proved in f34\ Lemma 5.12]. 

If C is a non-degenerate chord then £ admits a non-degenerate chord box (Cs)- See [H Proposi- 
tion B.l] for a proof of the existence of (Cs), and the fact that r'(0) ^ 0. To see that one also has 
e'(0) ^ 0, we argue as follows. Let x G P a (X,L) be defined by x(t) = C(rt). Let £ G C°°(x*TX) 

be defined by £(t) := £ s (tr(s)). Then a direct computation shows that 

s—0 

V 2 J ^ H (x,T)(Z,T / (0)) = (0,e'(0)), 

where V\s^h(x,t) was defined in (|2.3[) . Since £ is non-degenerate, Vj£/h(x,t) is injective (see 
the beginning of the proof of Lemma \2 . 5 1 below) . and hence we must have e'(0) ^ 0. 

The following lemma explains the relation between the various notions of non-degeneracy we 
have introduced. 

2.5 Lemma. (Non-degeneracy) 

1. Suppose £ is regular hypersurface which is transverse to L. Fix H G £P(E). Then (x,t) G 
Crit Q (j^h) with t =/= is non-degenerate as a critical point of s^h if and only if the corre- 
sponding element C(t) — x(t/r) is a non-degenerate element oj ' ^aCE, L). Thus if (T,,L,a) 
is a non- degenerate triple then f^o(E) C C^ g L a (X, R). 

2. If a ^0 andH G C™ gLa (X, R) then s? H : P a (X, L) x R -> R is a Morse-Bott functional and 
Crit a ( I 2^) consists of an isolated collection of points. If a = and H G C^ g L (X, R) then 

'■ Pq(X,L) x R — > R is a Morse-Bott functional and Crit ( I e/#) consists of an isolated 
collection of points and a copy of E Pi L. 

3. For all a G IT L the sets C^ g L a (X, R) are generic subsets ofC°°(X, R). 

Proof. We will only sketch the ideas behind the proof. Statement (1) follows directly from the 
definitions, and Statement (3) is by now a very standard argument. To prove (2) first note that 
as Vj£/h(x, t) is self-adjoint, it is Fredholm of index and hence it is injective if and only if it is 
surjective. The fact that elements (x, t) G Crit( ! g/^f ) with r^O are isolated follows easily from the 
injectivity of V 2 3 s^h(x,t). It remains to check that the set ( E n L , 0) is a Morse-Bott component 
of Crit(,c/#). Since E is transverse to L by assumption, it suffices to show that for all x G £ Pi L 
we have 

ker V 2 j£ f H (x,0) =T I (EnL)x {0} C T fe0) (P (X, L) x R). (2.5) 

If x G E l~l L, an element (£, h) G T (£ ^(P (X, L) x R) is in the kernel of Vj£>/h(x, 0) if and only if 
(£, h) solves the equations: 

i = hx H ( x ), 

-1 

dH(x)(C)dt = 0. 



Integrating the first equation, we discover that £(t) — £(0) + hXn(x). Since £(0) G T X L and 
Xh(x) ^ T X L as E is transverse to L we must have h = 0. Thus C(t) = £(0) is constant. The 
second equation tells us that dH(x)((-(0)) — 0, and hence £(0) G T^E. The proof is complete. ■ 



14 



2.3 Compactness 

Recall that an w-compatible almost complex structure J is geometrically bounded if the cor- 
responding Riemannian metric w(J-,-) is complete, has bounded sectional curvature and has in- 
jectivity radius bounded away from zero. By our initial assumption on X such almost complex 
structures exist; let us fix once and for all such an almost complex structure J g b- We denote by 
^gbpf, uj; J g b) C J?(X,lu) the set of almost complex structures J € ^(X,oj) for which there 
exists a compact set K C X (depending on J) such that J = J g b on X\K. Since in general it 
is unknown whether the set of all geometrically bounded almost complex structures is connected, 
it is possible that everything we do will depend on our initial choice of geometrically bounded 
almost complex structure J g b- The general consensus however seems to be that this is unlikely. 
Regardless, we will ignore this subtlety throughout. 

The following two compactness results are key to everything that follows. The first result is 
for gradient flow lines of a pair (H, J); the second result is for s-dependent trajectories. These 
results were originally proved in the periodic case for hypersurfaces of restricted contact type in 
|18j . A full proof in this setting can be found in [53]. We remark that it is these results where 
the hypothesis that E is of virtual restricted contact type is used, and where we use the fact that 
Cl^(u})nCll(uj) ^ holds. 

2.6 THEOREM. Assume (E, L, a) is a non-degenerate Rabinowitz admissible triple. Let H G £^o(E) 
and J = (J t ) C ^gb(A", w; J g b). Fix — oo < a < b < oo and suppose (u m = (x m , T m )) me iM C 
^K a (H, J)*. Then for any sequence (s m ) C R, the reparametrized sequence u m (- + s m ) has a 
subsequence which converges in C^ C (R x [0, 1],X) x C^ C (R, R). 

2.7 THEOREM. Assume (T.±,L, a) are both non-degenerate Rabinowitz admissible triples. Fix 
Hamiltonians H± G ^o(E±) and suppose that there exists a Rabinowitz admissible virtually contact 
homotopy (H s , A s ) s£ ir such that (H s , A s ) = (B_ , A_) for s-CO and {H s , X s ) = (H + , A+) for s>0, 
and such that H s has compact support uniformly in s. Fix 3± = (J±,t) C ^^(X, u>; J g b), and 
choose a smooth family (J s = (J s .t))seR ^= ^gb(X, w; J g b) such that there exists a compact set 
K C X such that J s j — J s b on X\K for all (s, t) 6 R x [0, 1], and such that J s = J_ for s«0 
and J s = J + for s ^> 0. 

There exists a constant n > such that if \\d s H s \\ Lac < k then the conclusion of the previ- 
ous theorem holds. That is, if \\d s H s \\ Loo < k then for any sequence (u rn — {x m ,T m )) me ^ C 
^ a (H s , J s )a> an d an D sequence (s m ) C R, the reparametrized sequence u m (- + s m ) has a subse- 
quence which converges in C^ C (R x [0, 1],X) x C^ C (R, R). 

2.8 Remark. We remark that because we are assuming that all our Hamiltonians are constant 
outside of a compact set, the only thing one needs to prove in the above two theorems is that the 
Lagrange multiplier component r of a flow line u — {x, r) is uniformly bounded. The bound on 
the loop component x comes essentially "for free" from our assumption that the almost complex 
structures we work with are all geometrically bounded outside of a compact set; see for instance 
f211j . Later on we will need to work with Hamiltonians that are not constant outside a compact 
set; hence more work will need to be done here (cf. the discussion in Section \3.2\) . 

2.9 Remark. It follows from Theorem ] 2.6] that given — oo < a < b < oo, the subset Ciit(£/H)a * s 
compact (by the Arzela-Ascoli theorem). Thus as s^h is Morse [resp. Morse-Bott if a ^ 0], the 
set Crit(,e///)^ is at most finite [resp. has at most finitely many components]. 

2.4 The definition of RFH^(#) 

Assume (S, L, a) is a non-degenerate Rabinowitz admissible triple. In particular E is transverse 
to L. The Rabinowitz action functional s^h is Morse-Bott by Lemma 12.51 2. The aim of this 
subsection is to "do Floer homology" with s^h- One way to take into account the fact that we are 
in a Morse-Bott situation is to study the moduli spaces of gradient flow lines with cascades, 
as introduced originally by Frauenfelder in [26J. Actually if a ^ then the Rabinowitz action 
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functional is Morse, and in this case one can just work with normal gradient flow lines. The reader 
should bear in mind therefore that a lot of what follows can be considerably simplified when a/0. 

Let h : Crit(^4f) — > R denote a Morse function and a fix Riemannian metric g^ on Crit 
such that the flow $ : Crit(ja4f) — > Crit(j24f) of — Vh := — V 3h h is Morse-Smale. We abbreviate 

C(h) := Crit(/i) C Crit(j^) 

C(h) b a := Crit(fc) n Crit(^ff)* . 
Note that C(h) b a is finite (cf. Remark [ 



FixJ = (J t ) C ^ gh (X,cj;J gh ). 

2.10 Definition. Fix m e N. Gwen C-7C+ G C(Ma> a now nne from £_ to with m 

cascades is an m-tuple (u, T) = {{ui)i = \ mATi)i=i,...,m-i) of gradient flow lines . u- t : R — > 

P a (X, L) x IR of (H, J) and rea/ numbers Ti > sttc/i t/iat 

lim ui(s) e W"(C-; -V/i), lim u m (s) G W a (C+; -V/i), 

s— > — 00 s— >+oo 



lim u 



i+i(s) = ( lim Uj(s) J /or i = 1, . . . ,m — 1. 



FFe denote the space of flow lines with m cascades from to £ + .^ m (£_, and we denote by 

•^m{(-iC+) the quotient ^# m (£_ ,£+) /R m , where R m acts by time shift on each of the m cascades. 
We define a flow line with cascades to simply be a gradient flow line of — Vh, and denote by 
^#o(C-)C+) the set of flow lines with cascades that are asymptotically equal to £±. We put 
./#o(C->C+) '■— -^o(C— ) C+)/K- Finally we define 

^(C-,C+):= (J ^m(C-,C+)- 
m€NU{0} 

2.11 Definition. Given a non- degenerate critical point (x, r) 6 Crit(^jj) wit/i t^O, se< 

r) := ^Ma(£, r) - -%(a;, r), 

where ijlm 3 {x,t) is the Maslov index of the path := x{t/r) (see \34\ Section 5.5} for the 
precise sign conventions we are using). If t = 0, set 

n — 1 

M£>0) : — . 

If C € C(/i) define fJ-h{C) := A*(C) + *h(C)) where ih{C) * s ^ e Morse index of £ as a critical point 
of h (thus ih(x, t) — whenever t ^ 0). Our sign conventions imply that for all £ £ C(h), 



t*h(0 e 



i/ n is odd, 



^Z\Z, i/ n is even. 



The following theorem is part of the standard Floer homology package, the key ingredient being 
Theorem 12.61 The index computation is probably the most non-routine element - full details of 
this aspect can be found in |34| . 

2.12 THEOREM. There exists an integer valued function [i^ : C(h) — > Z with the following property: 
for a generic choice of 3 and a generic Morse-Smale metric g^ on CtH^s/h) the moduli spaces 
^(C-,C+) f or C± S C(/i) are smooth manifolds of finite dimension 

dim^(C-,C+) = Mft(C-)-Mfc(C+) - L 
Moreover if = /ih(C+) + 1 i/ien is compact, and hence a finite set. 
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Denote by 



CRF^iJ, h) b :=C*(h) b a ®Z 2 , 



where the grading * is given by the function fi^ from Definition 12. Ill 

Given C->C+ G C(^)a with fih((-) = Mfc(C+) + 1) we define the number n(C-,C+) £ ^-2 to be 
the parity of the finite set „#(£_,£+). If C + 6 C(/i)„ has Mft(C-) ^ Mft(C+) + 1) set «(C-> C+) = 0. 
Now we can define the boundary operator 

d b = d b a (H,J,h,g h ) : CRF^/i)* CRF^if, /i)* 

as the linear extension of 

It follows directly from Theorem I2J21 that d b a o d b a = 0, and thus {CRFJ(#, fc)*, d b a ) carries 
the structure of a differential Z2-vector space. We denote by RFH"(iJ, J, h, gh) b a its homology. 
The standard theory of continuation homomorphisms in Floer theory show that the homology 
RFH"(iJ, J, h, gh)a is independent up to canonical isomorphism of the choices of h, J, and gh, and 
thus we omit them from the notation and write simply RFH"(i/)^. 

Suppose -00 < a < a' < b < 00. Let p b a a , : CBF"(H,h) b a -> CKF"(H,h) b , denote the pro- 
jection along CRF"(if, h)® . Since the action decreases along gradient flow lines, p^ a , commutes 
with the boundary operators d b and d b , , and hence induces a map 

p*, , iRfh^^^rfh:^,. 

Similarly given —00 < a < b < b' < 00 the inclusion C(h) b a <^-» C(h) b a induces maps 

i^':RFH?(If)^RFH^'. 

The complexes {RFH"(i/)^, p, i} form a bidirect system of Z2-vector spaces, and hence we can 
define 

RFH*(iT) := lim hmRFH"(iJ)^. 

a\.— oofc^oo 

In fact, if (S±,L, a) are both non-degenerate Rabinowitz admissible pairs, and H± S @o(H±) 
are defining Hamiltonians with the property that there exists a Rabinowitz admissible virtually 
contact homotopy (H s , \ s ) s£ r with (H S ,X S ) = (JJ_,A_) for s < and (H S ,X S ) — (H + ,X + ) for 
s > then one can prove 

RFH"(_ff_) = RFH"(i?+). 

This is a standard Floer theoretical argument, the key ingredient being Theorem 12. 71 Details can 
be found in |34) if the reader is unconvinced. 

It follows that if H e 3>o(E) then RFH"(i?) depends only on T,,L,X and a. Thus we can 
finally make the following definition: 

2.13 Definition. If (£, L,a) is a non-degenerate Rabinowitz admissible triple, we define the 
Lagrangian Rabinowitz Floer homology of (E, L, X, a) by 

RFH?(£,L,X) := RFR"(H) for any H G Sb(E). 

Moreover, since RFH"(i?) is invariant under isotopies of £ through Rabinowitz admissible vir- 
tually restricted contact type homotopies we can even define RFH"(E, L, X) even when (£, L, a) 
is not non-degenerate, simply by first isotopying £ through Rabinowitz admissible virtually re- 
stricted contact type homotopies to a new hypersurface £' such that (E',L,a) is non-degenerate 
(such a hypersurface £' exists by Lemma 1231 3), and then defining 

RFH:(E,L,X) :=RFH?(£',L,X). 



17 



We have now completed the proof of Statement (1) of Theorem A. The proof of Statement (2) is 
essentially immediate, since if there were no characteristic chords representing G TIl then the 
Rabinowitz Floer complex CRF^ (iJ, h) would reduce to the Morse complex of the Morse function 
h : £ fl L — > IR, and thus the Rabinowitz Floer homology would agree with the Morse homology of 
h, and hence the singular homology of £ n L. This is non-zero. 

We will discuss the remaining statements of Theorem A (on leaf-wise intersections) next. 

2.5 Leaf-wise intersection points 

In this section we address Statements (3) and (4) of Theorem A. The material in this section is 
essentially all taken from [TO]. Assume throughout this section that (£, L, a) is a non-degenerate 
Rabinowitz admissible triple. 

We need to study certain perturbations of the Rabinowitz action functional s^h- We begin by 
defining a subset 5E C C°°(S 1 , [0, oo)). In order to define X 1 let us first associate to any element 
X G C^iS 1 , [0, oo)) the function X ■ [0, 1] -> [0, oo) defined by 

X(t) ■= f x(r)dT. 
Jo 

Let !% C C(S 1 , [0, oo)) denote those functions \ whose associated function x satisfies the following 
conditions: 

1. There exists to = to(x) S (0, 1] such that x(t) = 1 on [to, 1]; 

2. On [0,io] the function X is strictly increasing. 

Note that the function x — 1 is an element of S£ . It will sometimes be useful to restrict to the 
subset JT := {x G 5C : t (x) < 1/2}. 

2.14 Remark. Note that if x G S£ then there is a unique function v : [0, 1) — > [0, to) such that 

x {v{t))=t for all t€ [0,1). 
One can extend v to a continuous function v : [0, 1] — » [0, to] by setting v{\) := to. 

Given H G C°°(X, R) for which is a regular value and x £ we form a new weakly time 
dependent Hamiltonian H x : S 1 x X — » IR by 

^(t,a;) := X (t)ff(a:). 

It is easy to see that if #/hx denotes the Rabinowitz action functional with H replaced by H x 
then the critical points of £?hx are the pairs (x, r) with 

x(t) = T X (t)X H (x), x([0, 1]) C H-\0). 

Thus there is a natural bijective correspondence between Crit(^jx) and Crit(jz/ff): if (x,t) G 
Crit(^H-x) then (x o i/,r) G Crit(j24f), where v : [0, 1] — > [0, to] is as in Remark 12.141 

It is not hard to see that all of what we have accomplished so far goes through for the functions 
H x . In particular, if H G fFo(£) then the Rabinowitz Floer homology RFH"(ff x )^ is well defined, 
and moreover it is actually independent of the choice of X G X and hence 

RFH"(_ff x ) = RFH^(iJ x=1 ), 

which by definition is the Rabinowitz Floer homology RFH"(I], L, X). The details are carried out 
in |18l Section 3.2], and there are no differences in our case. 
Let 

^:={Fe Cf{S x x A, IR) : F(t, •) = for all t G [0, 1/2]} . 
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If ip 6 Ham c (A, w) then we can find Fei' such that ip = <pf ([Till Lemma 2.3]). 

Given F G J? and xei' the perturbed Rabinowitz action functional £?£ x : P a (X, L) x 
[R — ^ [R is defined by 

^h x (x,t) =#/ H x(x,t)- f F(t,x(t))dt. 



Denote by Crit(j2^ x ) the set of critical points of srfjj x . Note that a pair (x, r) belongs to Crit(.!3^ x ) 
if and only if: 

x = Tx{t)X H (x) + X F (t,x); 
X {t)H{x)dt = 0. 

This perturbation is particularly interesting when \ € <^o, since in this case the two functions H x 
and F have disjoint time support, and hence if (x,r) G Crit(j2/^ x ) then £ is a Hamiltonian chord] 
of the time-dependent Hamiltonian tH x + F, so that, x(t) = (f>[ H +F (x(0)). This leads to the 
following observation, which is proved in the same way as |1Q[ Proposition 2.4], and explains why 
Lagrangian Rabinowitz Floer homology is useful in the study of Lagrangian leaf- wise intersection 
points. 

2.15 Lemma. Suppose H G S>{Ti) and F G & . Let tp = <p F . Then for any \ £ ^o, there is a 
surjective map e : Crit(j2/^ x ) — > j£W(Yi, L, ip, a) given by 

e(x, t) :— x(0). 

Given (x,t) G Crit(jz/^ x ) and J — {Jt) Q ^(A, w) the linearization Vjjz/^ (x, t) of Vj£/h {x, t) 
at is given by 

Y/2 I, r-Vfi h) • ( J * (X)V ^ + (V « Jt)± ~ TV « V ^ X - h ^Jt HX ~ V ? V ^ 

VA(,,r)(^).^ -fidHX(Z)dt 

2.16 Definition. A critical point (x,r) G Crit(,e^ x ) is called non-degenerate if Vj£/^ x (x, r) 
is surjective. An element F G & is non-degenerate with respect to (H x ,a) if every critical 
point (x,t) G Crit(.sz^ x ) is non-degenerate. We denote by ^ Teg (H x , L, a) C & the set of non- 
degenerate functions with respect to H x and a. 

The following result, which is the analogue of Lemma 12.51 2. is straightforward. 

2.17 Lemma. The perturbed Rabinowitz action functional ^/^ x is Morse if every critical point 
(x,t) G Crit(.e^ x ) non-degenerate. 

The proof of the following result, which is the analogue of Lemma l2"3l 3. is much less straight- 
forward, but is very similar to Appendix A]. 

2.18 Theorem. The set ^ r Icg (H x , L, a) is generic in 

Suppose now (F s ) s< z^ C J£" is an asymptotically constant family, and (J s = (J s ,t))seR Q 
^ g h{X, w; J g b) is an asymptotically constant family of almost complex structures. As before, 
given — oo < a < b < oo, we denote by Ji a {H x , F s , J s )^ the moduli space of gradient flow lines u 
satisfying the s-dependent equation 

fl.u + Vj.J^(u(s)) = 1 
which satisfy the asymptotic conditions 

lim stffl X {u{s)) < b, lim £/^ x (u(s)) > a. 

s—^—oo s— >oo 

The following result is the analogue of Theorem 12.61 and is proved in a similar fashion. If the 
reader is unconvinced the details can be found in Theorem 2.9]. 
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2.19 Theorem. Let H G and F± G and choose a smooth family [F s ) s( z^ C 

J? such that F s = F- for s -C and -F, = F+ for s 3> 0, and such that F s has compact 
support uniformly in s. Fix 3± — (J±.t) C ^^(X, u>; J g b), a?id choose a smooth family (J s = 
{Js,t))seR C ^ g b(X, w; Jgb) smc/i £/ia£ t/iere exists a compact set K C X such that J Sjt = J g b 
on X\K for all (s, i) G IR x [0, 1], and such that J s = J_ for s <C and J s = J+ /or s»0. 
i*Kc — oo < a < 6 < oo and suppose (u m = (x m ,T m )) m& tt4 C ^ a (H x , F s , 3 s )a- Then for any 
sequence (s m ) C R, £/ie reparametrized sequence u m (- + s rn ) has a subsequence which converges in 
C 1 -(Rx[0,l] ) X)xC 1 -(R,R). 

Suppose F G ^" rog (if x ,a) [resp. F G JP Yeg (H x ,L,a)]. Then one can define the Rabinowitz 
Floer homology RFH^(H X ,F). This is defined in exactly the same way as before, only since we 
are now in the Morse situation, no additional Morse function h is needed. Moreover, by choosing 
an s-dependent homotopy F s from F to 0, and taking note of Theorem 12.191 one sees that the 
usual continuation homomorphisms are well-defined and isomorphisms. Thus we conclude: 

RFH?(iJ x ,F) = RFH?(ff*,0) = RFH"(/i) 

(see Section 2.3] for more information). 

In particular, if one can find F G & such that Crit(^^ £ ) = then si^ x is trivially Morse, 
and RFH" (iJ x , F) = 0. This observation, combined with Lemma [2.151 completes the proof of 
Statement (3) of Theorem A. The proof of Statement (4) also follows, by making use of Remark 
ITHl 

3 Twisted cotangent bundles and Mane supercritical hypersurfaces 

We now go back to the setting described on page [5] of twisted cotangent bundles. 
3.1 The Mane critical value 

We now recall the definition of the critical value c(H,a), as introduced by Mane in [3T], which 
play a decisive role in all that follows. General references for the results stated below are [2"31 
Proposition 2-1.1] or [T71 Appendix A]. We will then explain how to modify the definition of the 
critical value c{H, a) to take into account a given 7Ti-injective submanifold S C M for which 
a |s =0. This leads to a new critical values c{H, a, S). 

Fix an autonomous Tonelli Hamiltonian H G C°°(X, R), and denote by H G C°°(X, R) the lift 
of H to the universal cover X. We define the the Mane critical value associated to H and a 

c(H,a) :=inf sup H(q,-6 q ), (3.1) 

8 q£M 

where the infimum is taken over all primitives 9 of a. Since H is superlinear, c{H, a) < oo if and 
only if a admits a bounded primitive. 

3.1 Remark. The strange looking sign convention in (|3.ip is due to the fact that we are using 
the "unnatural" sign convention that the canonical symplectic form on X is given by d\o (rather 
than — dAo ). 

If we only look at primitives 9 of a that belong to Vl l s {a) then we obtain a new critical value 

c(H.a,S):— inf sup H{q, — 6 q ), 

where if f2<j(<r) = we define c{H, a,S) := oo. 
Clearly 

c{H,a) < c(H,a,S), 
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and c(H,a,S) only depends on S through the set Qg(o~). In particular if tti(S) is finite then 
c(H,a) — c(H,cr,S), as in this case £lg(a) denotes the set of all primitives of a. 

3.2 Definition. A closed connected hypersurface E C X is called a Tonelli hypersurface 

if there exists a Tonelli Hamiltonian H G C°° (X, R) for which is a regular value of H with 
E = if _1 (0). In this case we say that H is a defining Tonelli Hamiltonian for E. Note that 
the condition that E is a Tonelli hypersurface does not depend on the choice of Riemannian metric 
on M. 

Recall that Q^(a) denotes the set of primitives 9 of a for which Xg := Xq + tt*9 is a primitive 
of oja making E into a hypersurface of virtual restricted contact type (cf . Definition II, 1|) . 

3.3 Lemma. Let E denote a Tonelli hypersurface. Then fl^fa) ^ if there exists a defining 
Tonelli Hamiltonian H for E satisfying c(H,a) < 0. Similarly fl^(a) [~1 Qg(a) ^ if there exists 
a defining Tonelli Hamiltonian H for E satisfying c(H,o~,S) < 0. 

Proof. We prove the second statement only (the first is entirely analogous). Suppose H is a 
defining Tonelli Hamiltonian for E satisfying c(H, a, S) < 0. By the definition (|3.1[) of c(H, a, S) 
there exists e > and a bounded primitive 6 G fig (a) of a such that the lift H of H satisfies 
H(q, -0 q ) < -e for all q G M. We show that 9 G ^(ct). Set Xg := A + tt*9. Since 9 is bounded, 
we need only check that 

inf ^X e (Xjj(q,p)) > 0, 

(9,P)6S 

where Xjj is the symplectic gradient of H with respect to the lifted symplectic form uj a := 

dXo + 7T*(T. 

Fix (q,p) G E, and let 

f(s) :=H(q,(l-s)6 q + s P ). 

A simple computation yields 

MXh(Q>P)) = /'(!)• 

Now note that /(0) < — e and f(l) — 0, and since H is Tonelli, / is convex and thus we must have 
/'(l)>e. ■ 

We can now give the following key definition. 

3.4 Definition. We say a Tonelli hypersurface is a Mane supercritical hypersurface there 
exists a defining Tonelli Hamiltonian H for E satisfying c(H, a) < 0. Note that such hypersurfaces 
can only exist when cf admits a bounded primitive. 

We say that a pair (E, S) consisting of Tonelli hypersurface E and a closed connected -k\- 
injective submanifold S G M for which a\s — are a Mane supercritical pair if there exists 
a defining Tonelli Hamiltonian H for E satisfying c(H, cr, S) < 0. Note that if (E, S) is a Mane 
supercritical pair then E is necessarily itself a Mane supercritical hypersurface. 

3.5 Example. Here is an example (due to Alberto Abbondandolo) that illustrates the difference 
between simply asking that E is a Mane supercritical hypersurface, and asking that a pair (E, S) 
forms a Mane supercritical pair. Take M — T" and a — 0, and take S — S 1 x {pt}. Define 
H : X -> R by 

1 2 

H(q,p) := - \p-dq l \ . 

One easily sees that 

c(H,a)=0, 

but that 

c(H,a,S) = 1/2. 
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Thus H 1 (k) is a Mane supercritical hypersurface provided k > 0, whereas the pair (H 1 (k),S) 
is a Mane supercritical pair only when k > 1/2. 

In fact, i? _1 (A;) n N*S = if k < 1/2. For k > 1/2, not only is H _1 (A;) n N*S non-empty, 
but by Corollary C the hypersurface H^ 1 (k) can never be displaced from N*S by an element of 
Ham c (A, dAo). 

3.6 Remark. It is also possible to define the critical value c(H, a, S) in the Lagrangian framework. 
More precisely, if L is a Tonelli Lagrangian then one can define a critical value c(L, a, S) which 
encodes the same information as c(H,a, S), in the sense that if H and L are Fenchel dual to each 
other then c(H, a, S) = c(L, a, S). See \34\ Section 8.5] for more information. 

3.2 Lagrangian Rabinowitz Floer homology with Tonelli Hamiltonians 

Note that a defining Tonelli Hamiltonian H for a Marie supercritical pair (E, S) is in particular an 
element of i^(E), but that H is not constant outside a compact set, and hence H £ Sfo(E). Thus 
it is not a priori clear that one can use H to define the Rabinowitz Floer homology of E, and even 
if we could, whether it would yield the same Rabinowitz Floer homology as the one developed in 
Section [2^1 The key difficulty here is that since H is not compactly supported, the compactness 
results from Theorem 12.61 and Theorem 12.71 fail (see Remark 12 .8|) . 

In [3] Abbondandolo and Schwarz showed how such compactness could still be obtained (in 
the setting of "standard" Floer homology on cotangent bundles equipped with standard symplectic 
form dAo) for a wide class of Hamiltonians. Roughly speaking, they prove L°° estimates for 
Hamiltonians that, outside of a compact set, are quadratic in the fibres (see [3J Section 1.5] for 
the precise definition). Their idea is based upon isometrically embedding X into R 2N (via Nash's 
theorem), and combining C alder on- Zygmund estimates for the Cauchy-Riemann operator with 
certain interpolation inequalities. We remark that in order for these L°° estimates to hold it is 
important that the almost complex structure we choose lies sufficiently close (in the L°° norm) to 
the metric almost complex structure J g associated to some fixed Riemannian metric g = (•, •) 
on M. This is the unique almost complex structure on X with the property that under the splitting 
TX = TM © T*M determined by the metric (see Section 1531 below) . J g acts as 

A Tonelli Hamiltonian H € C°°(X, E) is electromagnetic at infinity (with respect to g) if 
there exists a smooth positive function a € C°°(M, R + ), a smooth 1-form f3 G J7 1 (M), a smooth 
function V G C°°(M, R), and a real number R > such that 

H(q,p) - l -a{q) \p - (i q \ 2 + V(q) for all (q,p) G X with \p\ > R. 

In [33] we use a version of the argument of Abbondandolo and Schwarz mentioned above to show 
that the Lagrangian Rabinowitz Floer homology RFH"(_ff) is well defined when H is a Tonelli 
Hamiltonian which is electromagnetic at infinity and satisfies c(H,a,S) < 0, and moreover that 
this Rabinowitz Floer homology is the same as the one defined using Hamiltonians which are 
constant outside a compact set. Actually strictly speaking in order for this result to hold, one may 
need to rescale a (this is so w^-compatible almost complex structures that are sufficiently close in 
the L°°-norm to the metric almost complex structure J g exist); this does not actually entail any 
loss of generality, as the Lagrangian Rabinowitz Floer homology of Section 12.41 is invariant under 
such rescaling. As such we will ignore this subtlety throughout. See [3U Lemma 8.12]. 

The following result is a minor variant of [Ml Corollary 20]. 

3.7 Proposition. Suppose E = _ff _1 (0) is a regular energy value of a Tonelli Hamiltonian 
H G C°°{X 1 R) with c(H,o~,S) < 0. Then there exists another Tonelli Hamiltonian H that is 
electromagnetic at infinity and satisfies: 

H = H on{H<l}; 
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3.3 Hypotheses 



c{H,a,S) = c(H,a, S). 



From now on we fix a Tonelli hypersurface E and a closed connected 7Ti-injective submanifold 
S C M of dimension < d < n such that er|<j = 0, and such that (E, S) form a Mane supercritical 
pair. Without loss of generality (as far as the Lagrangian Rabinowitz Floer homology is concerned), 
we can and will assume that (H,N*S,a) is non-degenerate for every a G II5. In particular E is 
transverse to N*S. 

Proposition 13 . 71 implies that we may choose a Tonelli Hamiltonian H G C°°(X, R) that is electro- 
magnetic at infinity and satisfies E = i2" _1 (0) with c(iJ, cr, S) < 0, and thus we may compute the 
Lagrangian Rabinowitz Floer homology RFH"(E, N*S, X ) using H: 

RFH"(_ff) = RFH"(E, N*S, X). 

The aim of the rest of this paper is to compute RFH"(if). 



3.4 Grading 

Before getting started on computing RFH"(ff), we will spend a little time discussing the grading 
on the Lagrangian Rabinowitz Floer homology in the specialized situation we are working in now. 
In fact, there is a particularly satisfying solution to the grading issue on twisted cotangent bundles. 
This is because every twisted cotangent bundle possesses a Lagrangian distribution, namely 
the vertical distribution T V X (i.e. the tangent spaces to the fibres: TY p -.X := T( q p )T*M). The 
vertical distribution singles out a distinguished class of symplectic trivializations - those that are 
vertical preserving. Namely, if x G P(X, N*S), a trivialization $ : [0,1] x R 2 ™ ->• x*TX is 
called vertical preserving if 

$(*, V ) = T v x(t) X for alii e [0,1], 
where Vb := {0} x R" is the vertical subspace. Such trivializations always exist (cf. [3] Lemma 1.2]). 

Given a critical point (x, r), let $ : [0, 1] x R 2 " — » x*TX denote a vertical preserving trivial- 
ization, and define a path $ : [0, 1] — > Lag(R 2n ,cj ) by 

Now define 

A*Ma(a;, t) := ^rs(i?, Vo), 

where /iRs is the Robbin-Salamon index [39] (although be warned - our sign convention for 
/ljrs matches [2] rather than |39|). This index ^ms(x,t) is independent of the vertical preserving 
trivialization $ (cf. [3] Lemma 1 .3. (ii)] ) . 

In fact it will also be convenient to introduce a grading shift of d— 1Jl ^- (recall d = dim S). This 
choice is motivated by Theorem 13.131 below, and it also ensures our grading is always Z-valued. 
Thus in this section we define 



h(x,t) := 



d-n+1, t = 0. 



3.5 The free time action functional 

Let us abbreviate W := TM . Denote again by 7r the footpoint map W — > M. Let us fix once and 
for all an auxiliary Riemannian metric g on M . The Riemannian metric g defines a horizontal- 
vertical splitting of TW: given w = (3, v) G W we write 

T W W = T*W © TZW S T q M ® T q M; 
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here T^W — ker(K 9 : T W W — > T q M), where n g is the connection map of the Levi-Civita connection 
V of g, and T£W = ker(d7r(u;) : T W W -> T q M). Given £ £ TVF we denote by £ h and <f the 
horizontal and vertical components. The Sasaki metric gw on W is defined by 

Suppose / £ C°°(W, R) is an arbitrary smooth function. Then d/(io) £ T^W, and thus its gradient 
V/(u>) = V gw /(u>) lies in T W W. Thus we can speak of the horizontal and vertical components 

V/» := [V/(w)] h £ T q M; 

V/» := [V/H] v £ T g M. 

Let us go back to our fixed Hamiltonian H. The fact that H is Tonelli implies there exists a unique 
Tonelli Lagrangian (that is, fibrewise strictly convex and superlinear) Lagrangian L £ C°°(W, R) 
called the Fenchel dual Lagrangian to H , which is related to H by: 

H(q,p) := p(v) — L(q, v), where VL v (q, v) = p. 

Since H is electromagnetic at infinity, so is L - that is, there exists a smooth positive function 
a £ C°°(Af, R+), a smooth 1-form (i £ ft 1 (M), a smooth function V £ C°°(M, R), and a real 
number R > 

L(g, v) = ^a{q) \v\ 2 + /3 q (v) - V(q) for all (q, v) £ W with \p\ > R. 

The aim of this section is to do Morse theory with a free time action functional S^l (defined 
below). Unfortunately the space P(M,S) does not admit the structure of Hilbert manifold (it is 
only Frechet manifolds, which is not sufficient for Morse theory). Thus throughout this section we 
will work with the W 1 ' 2 Sobolev completion &>(M, S) of P(M, S). 

Recall from the proof of Lemma \1 .91 that c-area Q CT : P(M, S) — > R is defined by 



ft<r(q) ■= / <T<r, 

J [0,1] x [0,1] 

where q £ P a (M,S) and q is any filling of q (i.e. any smooth map such that q(0, t) = q(t), 
q(l,i) = q a (t) and q([0, 1] x {0, 1}) C S). Let us note that fl a extends to a functional on £P(M, S) 
- if q is of class W 1 ' 2 then we choose the filling q £ W^ 2 ([0, 1] x [0, 1],M) n C°([0, 1] x [0, 1], M). 

We will study the free time action functional 

y L : &>(M, S) x R+ R 

which is defined by 

.y L (q,T):=n a (q)+T L (q,£\ dt. 

In the case cr = 0, the functional o5^l has been extensively studied in pMI 122) . 

The pair (<r, <?) defines a bundle endomorphism Y = Y a , g £ F(End(VT)) called the Lorentz 
force of a via: 

<J q {u,v) = (Y(q)u,v) . 

A standard computation tells us that if (q, r) £ &>(M, S) x R+ and {q s , r s ) s£( _ £ e) C <?(M, S) x R+ 
is a variation of (q,r) with Jj| s _ 9s(i) =: i](t) and Jj| s _oTs — : h then 

.y L (q s ,T s )= f (VL h ( 7 ,7)-V t (VL v ( 7 ,7))-^(7)7,w)^, 



(9-s 



s=0 



£( 7 , 7)* + [<V£ V ( 7 (1), 7(1), «(!)) - (VL v ( 7 (0), 7(0), «(0))] 
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Thus ^\ s _ ^l{<1s,Ts) = for all such variations (q s ,r s ) if and only if j(t) := q(t/r) satisfies the 
Euler-Lagrange equations 

Vi h ( 7 , 7) - V t (VL v ( 7 , 7)) - F( 7 ) 7 = (3.2) 

together with the energy constraint 

f E( 7 ,j)dt = 0, (3.3) 
Jo 

and the boundary conditions 

(VL v ( 7 (1),7(1),m) = (VL v ( 7 (0),7(0),w) for all u £ T l{0) S and v G T l{1) S. (3.4) 

Since L is electromagnetic at infinity, S^l is of class C 1 ' on & > (M 1 S) x R + (see [H[S]). 

It will be useful to consider the fixed period action functional. Given r 6 R + let us denote 
by S*£ the functional defined by 

y T L (q) := y L (q,T). 

Note that 

d^[(q)(T,)=d^ L (q,T)( V ,0). 

Thus if (q,T) G Crit(J^) then q G Ciit{,Y[). 

By definition, the Morse index m(q,T) of a critical point (q, r) £ CtH^l) is the maximal 
dimension of a subspace W 1,2 (q*TW) x R on which the Hessian V 2 Y^q, r) of at (g,r) is 
negative definite. Similarly we denote by m T {q) the Morse index of a critical point q G Crit(j5^), 
that is, the maximal dimension of a subspace of W 1,2 {q*W) on which the Hessian V 2 ^^ of is 
negative definite. It is well known that for Tonelli Lagrangians the Morse index m T (q) is always 
finite [25, Section 1]. 

We define the nullity n(q,r) of a critical point of S^l to be 

n(q,T) :=dimkcr(V 2 ^), 

and we say that a critical point (g,r) G ^(M, S*) x R + is non- degenerate if n(q,r) = 0. Since 
we have assumed that our fixed Hamiltonian H is non-degenerate, it actually follows that every 
critical point of S^l is non-degenerate. This is because there is a simple relationship between the 
critical points of S^l and those of s^h which we will discuss this further in Lemma T3. 121 below. 

Moreover Lemma \'3. 121 together with Section l2~2l implies that for each critical point (q,r) of 
oS^l, there exists a unique family (q s , t(s)) G Crit(,5^, +e ( s )) for s G (— e, e), where (q , t(0)) = (q, r) 
and e(0) = 0. Moreover we have r'(0) ^ and e'(0) ^ 0. We can therefore define the correction 
term: 

X(q,r) :-sign (~^) G {-1, 1}. 

A proof of the following result can be found in |34l Section 10.2] (see also [35l Theorem 1.2]). 
3.8 Theorem. Let (q,r) G Crit(^). Then 

m(q,T) = m T (q) + - - ~x(q,r). 

3.6 The Palais-Smale condition 

Work of Abbondandolo and Schwarz [51 3] implies that we can find a smooth bounded vector field 
G on y a (M, S) x R + with the following two properties: 

• There exists a continuous function S G C°°(,^ a (M, S) x R + ,R) such that for all (q,r) G 
^ a (M, S) x IR+ one has 

AStfe, r)(G( 9 ,T)) > «(^(«,r)) ||d^(g,r)|| wl , 2 . 
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• For each (q,r) £ Z? a {M,S) x R+ one has 

y L (q,T) £ Cvit(,y L ) & G(q,r) = 0, 

and moreover if (q, t) £ Crit^i) then 

V 2 ^(g,r) = VG(< Z ,r) 

(where here VG(q, r) denotes the Jacobian of G, defined by VG(q, r)(£, /i) := [G, V](q, r), 
where V is any vector field on & a (M, S) x R+ such that V(q, r) = (£, h)). 

Moreover in the case a = 0, we may additionally insist that the following two properties hold: 

• There exists k\ > such that 

^G(q,r),j^ i2 <0 if ^£(g,r)>fciT (3.5) 

(see gl Section 11] or [34, Lemma 10.3]). 

• The submanifold S_ x R + C &o(M, S 1 ) x R + is invariant under G s , that is, whenever defined 
one has 

G S (S x R+) c 5 x R+ c ^ (M, 5) x R+. 

We shall refer to a smooth bounded vector field G that satisfies these four properties as a refined 
pseudo-gradient for S*l- The next result is the key to defining the Morse (co)complex of 
(compare [H Proposition 11.1, Proposition 11.2]). A full proof in our setting is given in |34) . 

3.9 Theorem. Let G denote a refined •pseudo-gradient for S^l, o,nd let G s denote the flow of — G. 
Then: 

1. If a ^ then the pair (J?l,G) satisfies the Palais-Smale condition at the level a for all 
a £ R. If a = then the pair (J?l, G) satisfies the Palais-Smale condition at the level a for 
alia £ R\{0}. 

2. y L is bounded below on 3* a (M,S) x R+. 

3. Ifa^O then lu + (q, r) = oo for all (q, r) 6 ^> a (M, S) x R+ . Moreover if (q,r) G ^ Q (M, 5) x 
R + and (q s ,T s ) :— G s (q,r) then t s is bounded strictly away from zero as s —¥ oo. 

4- If oi — and (q,r) G ZPo(M,S) x R + satisfies w+(q, t) < oo, then if we define (g s ,T s ) := 
G s (q, r) owe /las c5^i(g s , r s ) — > 0, r s — > and q s converges to a constant loop as s — >• w+(q, r). 
// instead w+(q, r) = oo i/ien r s is strictly bounded away from zero as s — > oo. 

5. Ifa^O then w_(q,r) = -oo for all (g,r) £ &> a {M,S) x R+. 

6*. Given a > define 

0{a) := {(g,r) £ £» (M,S) x (0,*io) : ^l(«,t) < a}, 

where k\ > was defined in (|3.5p . TTien ^(a) (~l Crit(J9^) = /or a// a > 0, and /or 
an?/ a > 0, if (q, r) £ <^(a) £/ien G s (q,r) £ ^(a) /or aH s £ (a>_(g, t), 0]. Finally if 
(q, r) £ ^q(M,S) x R + is suc/i </ia< cj_(q,r) > — oo and J^(q,r) > a t/ien i/iere exists 
s < suc/i i/iai G s (q, r) £ ^(a). 

As in Section 1, where we abused the identification between a pair (x, r) and the corresponding 
element £(£) := x(t/r) (see page ITOl) . we shall start identifying a pair (q, r) £ 3P(M,S) x R + with 
the path 7 : [0, r] — > M defined by y(t) := q(t/r). We will even do this for elements (q, 0) £ S_x {0}, 
where then 7 is the constant path t H> q. As was with the case with Rabinowitz Floer homol- 
ogy, this should be viewed solely as a notational device (it is easier to write W(j-,j + ;£) than 



26 



Given a refined pseudo-gradient G for S^l and a critical point 7 of .3^, we denote by W"(7, — G) 
the extended unstable manifold of (7. — G). By definition W"(7, — G) is the union of the nor- 
mal unstable manifold W u (j, — G) together with the set of points one finds by following the 
forward orbit under G s of elements 7' which do not converge in £P(M,S) x IR+ as s — > lu + (j'). 
By Theorem 13.91 4 these are all of the form (q,0) for some point q G S. These are the so-called 
critical points at infinity in the sense of Bahri [15J). 

In a similar vein it is convenient to define the following subset of &(M, S) x [0, 00): 

Oritur.) := Crit(^i) U (S x {0}) . 

Our non-degeneracy assumption implies that the functional S^l is actually Morse, but it is not 
"Morse at infinity", in the sense that the critical points at infinity (i.e. the set S_ x {0}) form a 
Morse-Bott component of Crit fJ^y,). Thus we will need to work with flow lines with cascades in 
order to define the Morse (co)homology of as we shall now explain. 



3.7 The Morse complex 

In order to define the Morse complex we will need three pieces of auxiliary data. 

• Firstly, let G denote a refined pseudo-gradient for J?l, and as before write G s for the local 
flow of G. 

• Secondly, choose a Morse function £ : S — >• R. In order to fit in with the approach taken in 
Section |2"H1 it will be convenient to formally regard £ also as a function £ : Crit (J?r,) — > R 
by setting £(q,r) := for (q, r) G Crit^z,) and setting 

l{q, 0) := £{q) for (q, 0) G S x {0}. 

We denote by C{t) C Critf^r.) the set of critical points of £ (so that C{£) = Crit(^ L ) U 
Crit(£)), and given — 00 < a < b < 00 we define 

c(£) b a :=c(£)nCnt(,y L ) b a , 

where by definition 3*l(<Z, 0) := 0. It follows from Theorem 13.91 that if b — a < 00 then C{£) b a 
is always finite. 

• Thirdly, let ge denote a Riemannian metric on S such that the flow <fq of — V£ = — V gt £ 
is Morse-Smale. As with £, we can formally regard <j>l as a flow on Grit (3^) by defining 
(j) e t (q,T) := (q,r) for all (q,r) £ Crit(^ L ) and i e R. 

Given 7 G C(£), we denote by ^(7) the Morse index of 7 seen as a critical point of £, so that 
^(7) := dim W u (^/; —V£). Thus ie(j) = unless 7 = (q,0) for some g G Crit(^). Finally, let us 
define the integer valued function 

m e : C(€) -)• Z 

by 

mt{i) ■■= "1(7) + ^(7)1 

where by definition m(q,0) := 0. 

The Morse complex is defined with the aid of the spaces #^(7_,7+;£) of gradient flow lines 
with cascades running between two critical points 7_ and 7+ of C (£) . These spaces are be defined 
entirely analogously to the spaces ^ (£_ , Q + ) from Definition 12.101 only we work with S^l and £ 
rather than 8#h an d h. We use the letter W instead of j$ to help distinguish between the two, 
and we include the "£" in the notation because later on we will use these spaces with different 
choices of Morse function I. 
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The next theorem, together with Theorem 13.111 below, follows from Theorem 13.91 exactly as in 
[H Section 11]. The main ingredients are Abbondandolo and Majer's infinite dimensional Morse 
theory [T] and Frauenfelder's cascades approach to Morse-Bott homology (as described in [26\ and 
Section 

3.10 Theorem. For a generic choice of G and gi the sets "/+',£) are all smooth manifolds 
of finite dimension 

dim # / (7_,7 + ;£) = m £ (7_) - m £ (7 + ) - 1. 
Moreover if ' m^(7_) — mi( r ) + ) = 1 then '(7_,7+; £) is compact, and hence a finite set. 
Denote by 

CM2(L,£) b a :=C*(^®Z 2 , 

where the grading * is given by the function mi. 

Given 7-, 7+ G C{l) a with 777,^(7-) = 771^(7+) + 1, we define the number riMorse (7- , 7+ ; £) € Z 2 
to be the parity of the finite set # / (7_,7+;£). If 7+ G C(t) b a has m^(7_) ^ mt('Y+) + 1, set 
?T-Morse (7- , 7+ ) = 0. Now we can define the boundary operator 

d b a = d b (L,G,i,g e ) : CM«(L,£) b a -> CM?_ X 

as the linear extension of 

d al- : = X! n M or S c(7-,7+;^)7+- 

The next result is the Morse homology theorem. Let us write 

y b L (a) := {(q,r) G & a (M,S) x R+ : J^fer) < b) . 

3.11 Theorem, for a generic choice of G and gi, it holds thatd\od b = 0. Thus {CM" (L , I) , d b } 
forms a chain complex. The isomorphism class of this complex is independent of the choice ofG, 
I and gi. The associated homology, known as the Morse homology of S^l, is isomorphic to the 
singular (co)homology of the pair (yj^(a),y^(a)). 

HM:(I)S = H,(y L i (a),y i a (a);Z 2 ). 

In particular, if b — oo and a < inf S^l then 

HM?(£) :=HM:(L)» = H t (^(M,5) x R+; Z 2 ) £ H»(P Q (A/, 5); Z 2 ). 

One can also play the same game with cohomology. For reasons that will become clear shortly, 
it is convenient to use the Morse function —I when defining the Morse cohomology (but this is 
not necessary). Given — oo < a < b < oo, let C(— l) a denote the set of critical points 7 of —£ with 
a < y L {l) < b. We grade C{-i) with m_ f . Note that C(£) b a = C(-£) b a as sets but in general not 
as graded sets: C m (£) b a 7^ C m (— £) a . Now set 

CM* a (L,-£)» a := J] Z 27 , 
~/ec t (-e) b a 

and define 

S b a = S b a (L, G, -£,g e ) : CM^L, -£)\ -»> CM; +1 (L, 

by 

<^7- := X! «-Mor S c(7+,7-;-07+ 

(here nMorse (7+ , 7- ; — £) denotes the parity of the corresponding finite set #'(7+,7_; —£))■ 

Then S b o 5 b — 0, and hence {CM* (L, —£)a,5 b } forms a cochain complex, whose cohomology 
computes the singular cohomology of the pair (J^(a), (a)). 
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3.8 Relating the two functionals 5?i, and s&h 

We will now study the relationship between the two functionals S^l and s$h- The next lemma 
follows readily from the definitions. 

3.12 Lemma. The following relationships between Crit(J^) and Crit(j^) hold: 

1. Given (g, r) £ Crit(j?i), define 

fp+il, T ) ■= {%, T ) where x{t) := (q{t), VL v (g, q)) . 
i>-{q,r) := (I(x),-t), 
where D(x) := cc(l — t). TTien if a ^ 0, one has 

Crit a (^ H ) = (Crit tt (j^ L )) U V- (Crit-"(S L )) 
and moreover one has 

*/ H (ip±(q,T)) = ±y L (q,T). 

2. Given any (x, r) £ ^(X, iV*^) x R with t > 0, if q := ir o x i/ien 

^(x,t) <^l(o,t), 

^(0(x),-r) > -.y L (q,T) 

with equality if and only if x = (g, VL v (g,g)). 

5. Let{q,r) £ &> a (M,S)xR + denote a critical point of ,y L . Then for all (£,h) £ T^ +{qiT ){^ a {X,N* S)x 
R) it holds that 

dV„(V+(g, t)M, h), (£, h)) < d 2 y L (q,rm\h) 7 (£ h , h)), 

Let(q,r) £ ,9>- a {M,S)xR+ denote a critical point of ,Y L . Then for all (£,h) £ T^_^ T) {^> a {X, N* S)x 
R) it holds that 

dV H (^( ?) t)M, h), (£, h)) > -d 2 y L (q, r)((D(O h , -h), (D(£) h , -h)). 

4- . Given a critical point (g, r), a pair (£, /i) Zies in the kernel of the Hessian of sin at ip+{q, t) 

[resp. ip_(q,T)] if and only if the pair (£ h ,/i) [resp. (D(£) h ,— /i)/ lies in the kernel of the 
Hessian of S^l at (g, r) . 

5- If(q,r) £ Grit(^i) then 

x{q,T) = x{ip+(q,r)) = -x(i>-{q,r)). 

Next, we discuss the relations between the indices of the critical points. We first recall the 
following statement, which is an extension of the Morse index theorem of Duistermaat [25] to 
the twisted symplectic form ui a . 

3.13 Theorem. (The Morse index theorem) 

Let (g,r) £ Crit(j^ L ). Then 

ft 

m T (q) = (j, Ma (ip_(q, r)) + d - -. 

Proof. We deduce this from the equivalent statement for the standard symplectic form dAo (specif- 
ically, from [21 Corollary 4.2]) by arguing as follows: take a tubular neighborhood W of g([0, 1]) in 
M. Since H 2 (W) = 0, a\ w = d0 for some £ Q 1 (W). The flow <ffi\w is conjugated to the flow 
i>f a : T*W ->• T*W, where H e (q,p) = H(q,p - q ) and ip" e denotes the flow of the symplectic 
gradient of Hg with respect to the standard symplectic form dAo • Since both the Maslov index and 
the Morse index are local invariants, the theorem now follows directly from Corollary 4.2]. ■ 
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Recall that in order to define the Lagrangian Rabinowitz Floer chain complex we need to pick a 
Morse function h on Crit(^f ). It is convenient to choose h and £ so that they satisfy the following 
properties. 

1. For all (q,r) G Crit(^) one has 

l(q,r) = h(^(q 7 Tj) = h(^ + (q,r)). 



2. The function £ has a unique minimum q m i n and a unique maximum q max for two points 
<Zmin;<Zmax G S and is self-indexing, that is, £(q) — ig{q) for all q G Crit(^). Note that if 
d = dim S = (i.e. 5 = {g} and 7V*5 = T*M) then we obviously have q m i n = q max = q, 
but that in all other cases clearly <7 m i n q n 



imax- 



3. For all x G E n N*S, we have £(n(x)) < h(x,0) < l(ir(x)) + 1/2. 

4. Every critical point of /i|(srw*S)x{o} li es above a critical point of £ and moreover for each 
critical point q of £ there are exactly two critical points of h\^nN r S)x{o} m ^ H T*M x {0}. 
Denoting these two critical points by ip±(q,0), it holds that 

£(q) = hty-{g,0)) = h(1>+(£,0)) - 1/2, 

k(q) = ih{ip-{g,0)) = ih(ip+{g,0)) -n + d + 1. 

That such functions exist is explained in detail in [4, Appendix B]. With this choice of functions 
h and £ the following relationships hold - the proof is an immediate application of Theorem [ 
Lemma 13.121 5. and Theorem l3.13l 

3.14 Corollary. (The relationship between the indices of C(£) and C(h)) 
Let 7 = (g, r) G C(£) and let £ + := ^+(7) and £_ := ^_(7). 



Then 



'm/»(C+)i r > 0, 

-/i h (C-) + 2d-n + l, t>0, 

Mh(C+)> r = 0, 

,/ih(C-) - d + n - 1) r = 



r > 0, 
r > 0, 
r = 0, 

T = 0. 




3.9 The Main Theorem 

In this section we state the main result of this thesis, which is the extension of [H Theorem 2] to 
our setting. 

3.15 Theorem. (Computation of the Lagrangian Rabinowitz Floer homology) 

Let h : Crit(^y) — > R and £ : S — S> R be Morse functions as specified above. Let g^ and gi 
denote generically chosen Riemannian metrics on Cmt(srfij) and S respectively, such that the flows 
4>t and 4>t °f — V/i = —\7 gh h and —V£ = —'V gt £ are Morse-Smale. Let G denote a generically 
chosen refined pseudo- gradient for ,5^h, and let J = (J t ) C ^(X,u>&) denote a generic family 
of almost complex structures, such that sup t || Jt — J g \\ L ca is sufficiently small (this is needed to 
obtain the required L°° -estimates, cf. Section ] 3. ty) . 

Fix —oo<a<b<oo. Then there exists: 
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1. An injective chain map 

($SA) b a :CM:(LJ) b a ^CRF?(H,h) b a 
which admits a left inverse ($ S A)a = CRF*(H,h) h a -> CM%(L,£) b a . 

2. A surjective chain map 

($ AS )^ : CRF"(_ff, h) b a -> GMZ* a +2d - n+1 {L,-l)Z a b 

which admits a right inverse ($ A s)a : CMZ* a +2d ~ n+1 (L, -£)Zl -> CRF?(.ff, 
Moreover: 

L If d < n/2 then for degree reasons alone we deduce that $sa and $as define chain complex 
isomorphisms 

($ SA )^: CM«(i,^ - CRF«(ff,^, 



($ AS )* : CRF«(H,h) b a -> C7M:^-" +i (L,-^)I«. 

77ius in ifte Zirmf a — ► -oo, 6 -> oo, if we identify BM"(L,£) = H*(P a (M, S); Z 2 ) and 
HM*_ a (L, — ^) S H*(P_ Q (M,5);Z 2 ) we deduce ifcat 



RPH?(E,JV*S,A') = < 



H*(P Q (M,S);Z 2 ), *>0, 

0, 2d-n + l<*<0, 

H-*+ 2d -"+ 1 (P_ a (M,S , );Z 2 ), * < 2d-n+l. 



2. J/a ^ and d > n/2, or if a ~ and d = n/2 with n > 4 iften i/ie composition ($As)a 
($SA)a : CM?(Z,,£)£ -> CMl* +2<< - n+1 is chain homotopic to zero, that is, there 

exists a homomorphism 



such that 
Setting 



e b a : cm?om)» -+ cm:^-"(l, 
($As)^o($sA)^ = e^o^ + <5z b a oet 



:= ($ S a)^ - (*As) b a oQ b a od b -d b o (<S> AS ) b a o 0», 

the map is cftom homotopic to ($sa)q; fl nd satisfies ($As)a ° *a — 0- Thus we obtain a 
short exact sequence of chain complexes 

-> CM?(L,£)* CRF?(tf, &)* ( *4 )S CM:; +2d -™ +1 ( J L,-£):^ -> 0. 

Thus in the limit a ->■ -oo, b ^ oo, if we identify BM"(L,£) = H*(P Q (M, 5); Z 2 ) and 
HM*_ a (L, — ^) = H*(P_ Q (M, 5); Z 2 ), fAen we obtain the long exact sequence 



K t (P a (M,S);Z 2 ) 



e. 



■*RFH?(S,iV*5,X) 

(*AS). 



H 



-i+2d-n+l 



{P- a {M, 5);Z 2 ) 



H i _ 1 (P Q (M,S);Z 2 ) 



TTie connecting homomorphism A is identically zero unless a = and i = 1, in w/iic/i case 
i£ is given &y (recall by assumption when a = one /ias d = n/2): 

H°(P (M, 5); Z 2 ) H (P (M, 5); Z 2 ) 



H°(5;Z 2 ) 



-H (S;Z 2 ) 
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where 

/(c) :=PD(c~e(N*S)), 

(e(N*S) is the Euler class of N*S — > S) and the vertical maps are the isomorphisms induced 
by the inclusion S^>SC Pq(M, S). 

The proof of this theorem is very similar to the corresponding proof in [3] . We will therefore 
omit large swathes of the technical details, referring the reader to the beautiful and lucid exposition 
in [4], and instead just give an outline of Abbondandolo and Schwarz' constructions. More details 
specific to the Lagrangian case we study here can be found in [34J . 

3.10 The extended unstable manifolds with cascades W M (7; — G, — W) 

Recall the definition of the extended unstable manifold W"(7;— G) introduced on page P2T1 
We now introduce the extended unstable manifold with cascades, which we denote by 
W u ( 7 ;-G,-W). 

Fix 7 £ C((). If m G N, let #^(7) denote the set of tuples 7 = (71,.. -,7m) such that 
7i G ^> a (M, S) x R+ for % = 1, . . . ,m - 1 and 7m G (0> a (M, S) x R+) U(Sx {0}) with 

71 € W u (W u (r,-V£);-G), 
lim G s (7 i+ i) G <fc)Y^ ( lim G s (7i)) for i = 1, . . . ,m - 1. 

Of course, if a ^ then 7™ is always in ^ 2 Q (M, 5) x R+. 

Let 1^(7) denote the quotient of #^(7) under the free R" 1 ^ 1 action given by 

(7i.---.7m-i) ^ (G Sl (7i),...,G Sm _ 1 (7 m _i)), (si,...,s m _i) G R m_1 . 

Then put 

W u ( 7 ; G, -W) := |J *£( 7 ). 

m6NU{0} 

Note there is a well defined evaluation map 

ev : W"( 7 ; -G, -W) (^ a (M, 5) x R+) U (5 x {0})], 

given by 

ev(7):= 7m for 76^(7). 

For a generic choice of G and gi the spaces W u (7; G, — W) admit the structure of smooth 
manifolds of finite dimension 

dim W u (7; -G, -W) = m<( 7 ). 
This can be proved using (55] Corollary A. 16], and details can be found in [34, Section 12.1]. 

3.11 The chain map $s A 

In this section we define a chain map 

(^SA) b a :CM^L,£) b a ^CRF^H,h) b a . 

In order to define the chain map $sa, one first needs to construct a suitable moduli space. Here 
are the details. 

We will need to study the space of positive half flow lines with cascades for s/h, denoted 
by M s (£). Fix £ G C(h). Given m G N let ^^(Q denote the denote the set of m-tuples of maps 
u = (u\, . . . , u m ) such that 

u x : [0,oo) -> P a (X,N*S) x R; 
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u 2 ,...,u m : R -> P a (X,JV*5) x R, 
are all gradient flow lines of (if, J) (which are possibly stationary solutions) and such that 

lim u m (s) E W s ({;-Vh); 
lim u i+1 (s) e <fk> s( lim u»(s)) for i = 1, . . . , m - 1. 

Let ^#^(0 denote the quotient of ^^(Q under the free R m_1 action given by translation along 
the flow lines u<i , . . . , u m . 
Then put 

M S (C) := (J ..<,(C). 

The space M s (£) is not finite dimensional. However, by restricting where Ui can "begin", we can 
cut it down to something finite dimensional. This is precisely what the moduli space ^#sa(7; C) 
does. Fix 7 G C(t) and C, G C(h). The moduli space ^#sa(7, C) is defined to be the following 
subset of W"(7; -G, -VI) x M S (C). Namely, an element 

( 7 ,u) e W"( 7 ;-G,-W)xM s (C) 

with 7 e J^mil) lies in ^#sa(7, C) if an d only if, writing ui = (x, r) one has 

7m = (7r O £1(0, -),Ti(0)). 

In other words, u\ must "begin" over 7m . 

This defines a Lagrangian boundary condition. This implies that we have a Fredholm problem, 
and since generically W"(7; — G, — Vi) is a finite dimensional manifold, it follows that ^#sa(7, C) 
can be seen as the zero set of a Fredholm operator. In fact, more is true. 

3.16 Theorem. For a generic choice of G, J, g/ and g^, the spaces ^sa(7, C) are precompact 
smooth manifolds of finite dimension 

dim ^#sa(7, C) = med) ~ Mfc(0- 

Proof. The only complication with obtaining transversality is the presence of stationary solutions, 
which can appear if £ = ^+(7) or 7 = (q, 0) and £ = V^GZjO)- I J1 the former case the first 
inequality of the third statement of Lemma [3. 121 forces the linearized operator defining the moduli 
space ^#sa(7, ^+(7)) to be an isomorphism (see [4j Lemma 6.2] or [3l Proposition 3.7]), and in 
the second two cases the four assumptions made earlier on the Morse functions h and I guarantee 
that the linearized operator defining the moduli spaces ^#sa(7, ^±(7)) is surjective (see [U Lemma 
6.3]). 

The index computation can be proved by combining [6, Theorem 5.24] (a special case of this 
is given in Proposition 7.3]) and the arguments from |18l Section 4]. Full details can be found 
in [51 Theorem 12.3]. 

Finally we address the precompactness statement. The key point here is the following chain 
of inequalities, which follows from Lemma 13.121 2: 

y L {l) >^i(7») >^(7m)=«^(7r°a;i(0,-),ri(0)) 

> *fc(ui(0, •)) > £/ H (ui(s, •)) > *fe(C). (3.6) 

More details can be found in d Section 6] (see also [3U Theorem 12.3]). ■ 

Putting this together, we deduce that when m^( 7 ) = /^(C), the moduli space .-#sa(7 - ! C) i s a 
finite set, and hence we can define n$A(7, C) G ^-2 to be its parity. If me(-f) ^ Mft(C) then set 
«sa(7, C) = 0. 
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Then one defines ($ SA )a : CM™(L,£) b a -> CRF^(iJ, h) b a as the linear extension of 

(<J>sa)*7 = "sa(7,C)C 

C6C(A)| 

(we are implicitly using (|3 . 6|) here to ensure that the choice of action window makes sense). A 
standard gluing argument shows that ($sa)o i s a chain map. 

3.12 The chain map $ A $ 

In this section we define a chain map 

($ AS )^ : CRF?(ff, CMi; +2d -" +1 (L, -£):£]. 

It is defined in much the same way. One begins by defining a space M u (£) of negative half 
flow lines with cascades. Given m e N let ^^(C) denote the denote the set of tuples of maps 
u = (u%, . . . , u m ) such that 

ui,...,u m _ x : R -+P a (X,N*S) x R; 

u m : (-oo,0] -+P a (X,N*S) x R, 
which are gradient flow lines of (-ff, J) (which are possibly stationary solutions) and such that 

lim u m (s) G W u ((;-Vh), 

and such that 

lim u j+i (s) 6 0m lim Uj(«)) for i = 1, . . . ,m - 1. 

s— — oo L ' ' s— >oo 

Let ^#^(C) denote the quotient of ^#^(0 under the free R m_1 action and put 

M"(C) := (J ^(C). 

Now if C € C(ft) and 7 e C(-£), we define ^as(C, 7) to be the following subset of W u (7; — G, W) X 
M"(C) (note here we are using the Morse function —£). Namely, an element 

(7,u) e W"( 7 ;-G,W) xM»(() 

with 7 s Wm(0 and u £ lies in ^as(Cj 7) if an d on fy if; writing u„ = (z„, r„) one has 

7m = (tt o a;„(0, -•), -t„(0)). 

The following theorem is proved in the same way as Theorem 13.161 Details can be found in [H 
Section 9] and [32 Section 12.3]. 

3.17 Theorem. For a generic choice of G, J, gi and g^, the spaces .<#as(C> 7) are precompact 
smooth manifolds of finite dimension 

dim „#as(C)7) = Mft(C) + «i-f(7) + n - 2d - 1. 

We remark only that this time the key inequality responsible for compactness is the following: 
if (7,u) e ^as(C,7) with 7 <E and u <= ^C(C) then 

*fe(0 > -^M^ •)) > 4?K(o, •)) 

> -S> l {<k o i ro (0, -), -r m (0)) > -y L { lm ) > -s* L (n) > -PiSa). (3.7) 
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Putting this together, we deduce that when fJ-h(C) = ~ m -i{l) + 2d — n + 1, the moduli 
space ^#as(Cj7) l& a finite set, and hence we can define tias(Ci7) £ ~%-2 to be its parity. If 
M/i(C) 7^ -w_<(7) + 1 - n + 2d then set n A s(C 7) = °- 

Then one defines (<J> A s)a : CRF™(H,h) b a CMZ* +2d-n+1 (i, as the linear extension of 

(*as)^C= E "as(C,7)7, 

(this time we are implicitly using (|3.7[) here to ensure that the choice of action window makes 
sense). A standard gluing argument shows that (■J'as)^ 1S a chain map. 



3.13 The chain homotopy 

We assume throughout this section that d > n/2, and if a = then we additionally 
assume n > 4 and that d = n/2. 

We will construct a chain homotopy 

9* : CM«(LJ) b a -> CMZ* a +2d - n (L,-£)Z a b 

which will have the property that 

(*>As) b a o(<$> SA ) b a = e b a °d b a + 5Z a b oG a b . 

This will involve counting a slightly different sort of object. 

Let denote the set of pairs (it, R) where R G R + and u = (x : r) : [-R, R] X [0, 1] — > X x R 
satisfies the Rabinowitz Floer equation. Given m > 1, let denote the set of tuples (v, u, w) 
where u = (u\, . . . , u m _i) are gradient flow lines of s^h such that 



lim u i+1 (s) G ^ ^ ( lim m(s) ) for i = 1, 

s— oo L ' ' \s— >oo / 

Next, 

u : [0,oo) -)■ P Q (X,iV*5) x R, 
w : (-oo, 0] -)• P a (X, N*S) x R 
both satisfy the Rabinowitz Floer equation, with 



, m — 2. 



lim 



ui{s) G 0f o ) ( lim u(s)J , lim w(s) G 0f o } ( lim u m _i(s)j . 



Let & m denote the quotient of J^" m by dividing through by the R m 1 action on the curves 

Ml, • • Um-1- 
Put 

9= IJ & m . 

m£NU{0} 

Given 7_ G C a (l) and 7 + G C~ Q (£), we define ^#e(7-;7+) as the subset of 

W(7_; — G, -Vt) x & x W u ( 7+ ; — G, V£) 

satisfying: 

1. If (7, (u,R),-y') S ^e(7_,7+) with («, JZ) G ^ and 7 = ( 7l) . . . , 7i ) G W"( 7 _; -G, -V£) 
and 7' = (7^, . . . , jj) G W"(7 + ; — G, V£) then writing w = [x, r), we require that 

(tt o a;(-JJ, •), r(-i?)) = Jh (tt o x(i?, -), -t(R)) = 7'. 
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2. If (7, (v, u,w),j') £ ^#e(7-7 7+) with (v, u, w) £ & m for some m > 1, and 7 = (71, ... ,7,) £ 
W u (7_;-G,-V<) and 7' = (tI,...^) £ W u (7 + ; -G, VI), then writing v = (x,r) and 
w — (x 1 ,t'), we require that 

(tt o a:(0, •), r(0)) = 7*, o x'(0, -), -t'(0)) = i r 

Let us note if (7, (u, R), 7') G .-#0(7-7 7+) with (u, R) £ &o, then if we write 7 = (71, . . . ,7i) and 
7' = (7j[,...,7j) then 

y L (l-) > y L (li) > *f H (u(-R, •)) > ^h{u{s, •)) > ^ H (u(R, •)) > -^l(t5) > (3.8) 

Similarly if (7, (v, u, i/j), 7') G ./#e(7->7+) with u £ & m for some m > 1, then if we write 
u = (wi, . . . , u m ), 7 = (71, . . . ,7i) and 7' = (7^ . . . , 7J.) then 

^l(7-) > ^t(7i) > *4r(«(0, •)) > *ff(«i(«, ')) > *6r(t»(0, •)) > -^Ulj) > -^l(7+). (3-9) 

This time we have the following result. For more details we refer the reader to [H Section 8] or 
[34, Section 12.4]. The latter reference explains exactly where the assumption that d = n/2 with 
n > 4 if a — is used. 

3.18 Theorem. Denote by Cg(£, -i) C C a (£) x C _a (f) tte set of pairs (7-, 7+) 0/ crifeea/ points 
that satisfy 

m^(7_) + m-f (j + ) £ {2d — n, 2d — n + 1}. 

Then for a generic choice of G, 3, gp and gh, the spaces ^#e(7-:7+) f or (7-: 7+) £ Cq(^, — £) 
are precompact smooth manifolds of finite dimension 

dim «/#e(7->7+) = ^(7-) + m_^(7+) + n — 2d. 

Now we move onto the key proposition which implies Theorem 13.151 The first statement of 
Theorem 13.191 below shows that under our assumptions, if we are given 7_ £ C a (£) and 7+ £ 
C~ a (£) with 771^(7-) + m_£(7 + ) = 2d — n then we can define ne(7-, 7+) as the parity of the finite 
set .-#0(7-! 7+)- This defines the chain map ®^ (this time we are implicitly using (|3.9p and (|3.8[) 
in order to ensure that the choice of action window makes sense). The fact that 9^ is a chain 
homotopy between ($sA)a an d (^as)^ involves studying the compactification of ^#e(7-)7+) by 
adding in the broken trajectories, and is the content of the second statement of the proposition 
below, which is taken from [H Proposition 8.1]. Details of the proof in the Lagrangian case we 
study here can be found in [34, Section 12.10]. 

3.19 Proposition. Fix critical points 7_ € Cf(£)\ and 7+ € Cj a {— t)Zt- Recall we always 
assume d > n/2 in this section, and if a = then we require d — n/2 and n > 4. 

1. If i + j = 2d — n then the moduli space ^#e(7-)7+) * s compact. 

2. If i + j = 2d — n + 1 then the moduli space ^#e(7-:7+) * s precompact, and we can identify 
the boundary cL#o(7-j7+) of the compactification ^#e(7-i7+) as follows: 

dZWeir/-, 7+) = I IJ .-^sa(7-,C) x -^as(C,7+) 
[cec?f 

(j] U ^(7-,7;^)x^e(7,7+) 



u 

Theorem 13.151 essentially follows from this proposition; see [4J Section 9] for the details. 



IJ ^e(7-,7') x^(7+,7';-^ 
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